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Abstract 

Exact RG equations are discussed with emphasis on the role of the anomalous di- 
mension 77. For the Polchinski equation this may be introduced as a free parameter 
reflecting the freedom of such equations up to contributions which vanish in the func- 
tional integral. The exact value of rj is only determined by the requirement that there 
should exist a well defined non trivial limit at an IR fixed point. The determination of 
r] is related to the existence of an exact marginal operator, for which an explicit form is 
given. The results are extended to the exact Wetterich RG equation for the one particle 
irreducible action F by a Legendre transformation. An alternative derivation of the 
derivative expansion is described. An application to TV = 2 supersymmetric theories in 
three dimensions is described where if an IR fixed point exists then rj is not small. 
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1 Introduction 



Historically the appreciation of the role of the renormalisation group, which corresponds 
to varying the cut off scale, was essential to the modern understanding of quantum field 
theories. As a consequence it becomes clear that quantum field theories, which need a cut 
off in their formulation, must be considered as belonging to an infinite dimensional space 
which may be parameterised in terms of couplings associated with all scalar operators 
consistent with the basic symmetries of the theory. The RG equations then describe flows 
in this space of quantum field theories under changes in the cut off scale A, the flow being 
determined by the requirement that physical observables are independent of the cut off, 
at least in the neighbourhood of fixed points, for energies much less than the cut off. 
This allows a continuum quantum field theory to be obtained which satisfies the required 
symmetries and is independent of the choice of cut off. A particular realisation may be 
obtained in terms of renormalisable theories where the space of quantum field theories is 
restricted to a submanifold, usually finite dimensional, which is invariant under RG flow. 
For renormalisable theories the RG flow equations are linear and the flow in the space of 
couplings is given in terms of the associated /3-functions. 

A particular realisation of the renormalisation group, for quantum field theories where 
a cut off may be introduced through a modification of the quadratic kinetic term, is ob- 
tained through exact functional non linear RG equations, due to Wilson [1] and developed 
in various alternative forms in [2, 3, 4]. Reviews covering different aspects are found in 
[5, 6, 7, 8, 9, 10, 12]. Such exact RG equations provide an in principle non perturbative 
definition of RG flow. Nevertheless such equations are restricted, at least in most appli- 
cations, to theories containing just scalar fields, although extensions to fermion fields are 
relatively straightforward. The exact RG equations are also hard to approximate in a con- 
sistent fashion which allows calculable higher order corrections. Although it is possible 
to recover perturbative results, and rederive the perturbative results for /3-functions, the 
methods involved tend to be distinct from those used in non perturbative approximations. 
A particular issue is connected with the anomalous dimension rj of the basic scalar fields 
in the theory. Although rj may be introduced as an additional parameter in the RG flow 
equations, where it is essentially arbitrary, the precise way in which it is to be determined 
is not always fully resolved. 

The aim in this paper is to analyse such issues in more detail than hitherto. The RG 
equations determined how the theory varies with t, where t ~ — In A. We argue that r/ is an 
arbitrary parameter until the we consider limit i — >■ oo. The requirement that there exists 
a well defined limit, with long range order, when t — )■ oo is the necessary and sufficient 
condition to determine rj. In particular as was discussed by Wegner [3], and emphasised 
more recently by Rosten [10], the existence of discrete values for r/ is linked to the presence 
of an exact marginal operators Z. In this case Z generates a line of equivalent fixed points 
which corresponding essentially to an overall rescaling of the fields. The limit t — >■ oo may 
also generate a trivial, so called high temperature, fixed point with no long range order but 
then there is no marginal operator and rj is not determined. 

In the next section we discuss in detail various aspects of the exact RG equations as 
introduced by Wilson and its later alternative, with an essentially similar form, developed 
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by Polchinski [4]. Although the analysis is not rigourous we attempt to make precise the 
mathematical framework and avoid any particular choice of the cut off function necessary 
in the derivation of the RG flow equation. As usual for simplicity we consider a single scalar 
field (p which is rescaled by the cut off to be dimcnsionlcss and consider the RG flow of the 
action functionals St[ip\ as well as their IR fixed points 5* The original Wilson/Polchinski 
equations are non linear but there is a transformation such that St{ip\ T[ipt\ that linearises 
the RG flow equation. The transformation is generated by the action of a functional operator 
q2 5v sv for suitable Q. This is well defined for Q positive but such a transformation is 
not in general invertible. At an IR fixed point S^[ip\ T^[f\ with T* obeying a simple 
linear equation. 

The essential obscrvablcs which appear in this framework are the critical exponents 
which determine how the critical point is approached as i ^ oo and which are associated 
with scaling operators O. The number of negative A determine the extent to which Sq[lp\ has 
to be tuned so as to lie on the critical surface where the RG flow attains the IR fixed point. 
The RG equations determine the exponents A as the eigenvalues of a functional differential 
operator depending on <S*. A subspace of the space of operators {O} are redundant operators 
corresponding to redefinitions ip{x) — ^ V'(x) where '(/' is a functional of ip. The marginal or 
zero mode operator Z is a redundant operator determined by V'z related to a constant 
rescaling, or reparameterisation, of ip. 

In our treatment it is natural to consider also local scaling operators $a {x) , functionals 
of if, whose scaling dimensions A > are determined by a local functional eigenvalue 
equation. For A = then $0 = 1) ttie identity. Any $a determines an associated O with 
A = A — d. A particular role in our discussion is played by two exact scaling operators $5 
and where (5 = ^ (d — 2 + 77) . These both have the form 

^^ = X-^ + Y ~S^, (1.1) 
dip 

for appropriate linear operators X, Y . $5 gives directly '^z- Requiring $5 = 0, for arbitrary 
r], clearly determines a quadratic form for 5* and corresponds to the high temperature fixed 
point. In this case Z = ^ reflecting the fact that ry is undetermined in this case. For r/ = 0, 
when 6 = 5q = \{d — 2), imposing i9^^>5o ^d-5o also determines 5* to be quadratic in 
corresponding to a free or Gaussian theory. Such a quadratic form depends on a parameter 
defining a line of equivalent IR fixed points which are generated by Z. An argument that 
r/ = implies a Gaussian theory in the context of exact RG equations has also been given 
by Rosten [11]. 

We also discuss how solutions of the RG flow equations for St[ip\ can be extended without 
essential modification to include a source J coupled to ip. This allows the standard vacuum 
functional W[J] to be directly related to T[p\. The connection of the Wilson/Polchinski 
equation for St with the Wcttcrich equation for the RG flow of the one particle irreducible 
functional Tt by a Legendre transform is also reviewed. For r] non zero it is still feasible 
to relate the two equations although constructing a Legendre transform with the desired 
properties involves solving some first order differential equations. The precise form of the 

^Here we choose A to have the opposite sign to the standard conventions in discussions of critical phe- 
nomena. 
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zero mode operator for the Wetterich equation is constructed by considering the transform 
of Z. Various aspects of the discussion are illustrated by consideration of the Gaussian 
case. This has a limit as t — >■ oo defining a massless theory only when 77 = 0, for 77 7^ the 
Gaussian theory approaches the high temperature fixed point. In either case the scaling 
operators are explicitly constructed. 

Although not directly related to our main discussion we also reconsider more briefly 
the derivative expansion in section 3. This is based on a modification of the Polchinski 
equation which is tantamount to expanding «St[(^] in terms of a normal ordered basis of 
monomials in ip. This allows a derivation of equations, considered by us earlier [31], to 
first order in the derivative expansion which maintains those exact results for the full RG 
equations described earlier, namely the existence of eigenfunctions corresponding to scaling 
dimensions ^ (d ^ 2 it 77) and also a zero mode eigenfunction related to reparameterisation 
invariance. In section 4 this approach is extended to a supersymmetric theory in three 
dimensions with M = 2 supcrsymmetry. In this example r/ is determined to be | for there 
to be a non trivial IR fixed point. 

In appendix A wc also outline extensions of part of our discussion to more general RG 
flow equations without making the restrictions to obtain the Wilson/Polchinski form. In 
appendix B we also describe in a perturbative context how the zero mode operator is also 
present. 



2 Derivation and Analysis of Exact RG Equations 

There are many varieties of essentially equivalent RG flow equations [1, 2, 3, 4]. Assuming 
for simplicity just a single scalar field (f){x) G V^, for x G M*^, they arise by considering 
regularised actions Si^[(l)] depending on a cut off scale A and understanding how these 
should evolve as A varies so as to ensure results independent of the precise form of the cut 
off may be obtained. Requiring 



-A^ e-*Al*l = - • [^M e-^Al0J J ^ (2.1) 

for any \^a[(/>; x] G V^, ensures that the basic functional integral defining the quantum field 
theory for the action S\ is invariant under changes in A. Although the initial choice of S'a 
for some A = Aq is largely arbitrary there are nevertheless features of the RG flow that are 
independent of the precise form of Saq) at least for appropriate *a and in suitable limits, 
which gives rise to the crucial notion of universality. (2.1) is of course equivalent to 

-A A sM = ■ ^ SM - A . . (2.2) 

In (2.1) and (2.2) 

(j) . ijj = ijj . (j) = J d'^x (t){x)tp{x) , (2.3) 
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for G V^. Functional derivatives are here defined so that 5F[<j)] = 5(p ■ j^F[(j)\. We also 
define for I{x, y) & V^f, x 

<^ . / . ^ = ^ . . <^ = j d'^xA'^y 0(x) I{x, y)^{y) , (2.4) 

defining / : — > V<^ with a functional trace 

tr(/) = / d'^xl{x,x). (2.5) 



As is commonplace it is natural to transform the fields to momentum space, ^(x) (t>{p), 
so that 

</- ■ V' = J d'^P m^i-p) ■ (2-6) 

For a translation invariant / in (2.4), so that I{x,y) G{x — y), then in momentum space 

<t>-G-i^ = ^ j d^p m G{p) i>{-p) , (2.7) 

and of course Gi • G2{p) = Gi{p)G2{p) and G^{p) = G{—p). Furthermore in this case 

tr(G) = F^ j d^pGip), (2.8) 

where V is the spatial volume, implicitly assuming a spatial cut off, such as compactifying 
on a torus, but whose details are unspecified here. 

The cut off A sets the fundamental scale and the equations are further assumed to be 
reduced to dimensionless form by requiring 

0(x) = A'°ip{xA) , = A'i-^o_L^ ^^(^) = A'o^tixA) , (2.9) 

d(p[x) 0(p[xA) 

for some choice of with 

t=-lnA/Ao, SA[cl>] = St[ip]. (2.10) 
With the rescaling (2.9), (2.2) takes the form 

for D'^^^ defined by 

D^^^ip{x) = {x-d^ + 6)ipix), D^^^<pip) = ~{p-dp + d-6)^{p), (2.12) 

and 

Di>>^ . A = / d^. D<M^) ^ = / d^p Di»m ^ (2.13) 
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Subsequently we frequently use 

. -0 = . D^d-S)-ij; = ^p^{S) . ^ ^ _^^{d~S) . ^ _ ^2.14) 

For a well defined RG equation \l't, or ^'a, should be such that St[(p] G ^4 under evolution 
in t for all finite t > 0, so that St[ip] is always essentially local, as required for a Wilsonian 
action. In general the resulting equations should also be in accord with the expected 
irreversibility of RG flow towards IR fixed points so that the detailed form for the initial 5*0 
becomes largely irrelevant when i — > c». Contributions to St[ip] proportional to the volume 
V and independent of (p are irrelevant for most purposes. It is consistent to restrict to 
equivalence classes defined by St[(p] ~ St[(p] + CtV which justifies the common neglect of 
contributions involving V. However such terms are generated by the RG flow in general 
so it is therefore necessary to include V in the basis A4 if this is to be closed under RG 
flow. The y-dependent terms in (2.11), which of course reflect the variation in the overall 
volume due to the rescaling of x in (2.9), are also necessary to ensure a consistent derivative 
expansion when the leading term in St[ip] assumes constant f. 

Although the class of possible satisfying the above conditions is not clear cut (a more 
general discussion is given in appendix A) we focus here on the choice due to Wilson which 
corresponds to taking 

= Iga--^ 5a[0] -Ha-(P, (2.15) 
or, imposing agreement with (2.9),^ 

GA{y) = A^'^GiyA) , ^A(y) = A'^HiyA) , (2.16) 

then 

M^] = \G-^St[ip]-H-ip. (2.17) 

In this case (2.11) becomes 

(| + („..V^H.^)._L_,^^)5,M 

Clearly it is sufficient to assume G is symmetric, G = G^ . Extending standard results for 
partial different equations (2.18) is a well defined parabolic functional differential equation 
for St so long as G is negative definite and is then soluble for St in terms of So for t > 0. The 
existence of solutions for general initial 5*0 only for t increasing reflects the irreversibility of 
RG flow. The locality requirements necessitate that G{p) and H(j)) should be analytic in p 
in the neighbourhood of p = 0. 

Apart from the tr(ii') term the equation (2.18) is invariant under 

^(p) ^ e'^(^')<^(p) , G'(p)^e'^(^')+'^(-f)G'(p), H{p) ^ H{p) + p ■ dph{p) . (2.19) 

^In the original proposal the restriction Ha = —Ga was also made, requiring by virtue of (2.16) So = ^d, 
but this appears unnecessary. 
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For consistency with locality h{p) should also be required to be analytic in p for p ~ 0. 
The freedom in (2.19) shows that H(p) may be chosen at will save for H(p) although in 
£)W(p -\- H ■ (fi only Sq + H{0) has significance. 

A variant RG equation due to Polchinski [4] is obtained by writing 

SM = l^-g-'-V^-^ tr(G ■ g~') + St[^] , (2.20) 

for Q symmetric and with Q (p) chosen in due course as the regularised propagator ensuring 
a finite functional integral. Substituting in (2.18) gives 



- {D^^o^ip + H ■ ip) ■ g-^ ■ ip + ■ g-^ ■ G ■ g-^ ■ ip + tT{H - g ■ g-^) , (2.21) 

Choosing now 

H = G-g-^ + ^r)l, (2.22) 

and also requiring 

j)id-5o) g~l ^-l^(d-5o) .Q. g-l ^ (2.23) 

(2.21) becomes the Polchinski RG equation [4], extended to include the parameter rj [13], 



for a modified scaling dimension 

S = do + lv- (2.25) 

Since g-^ ■ (D('^-<5o) g-^ + g-i^(<i-<5o)) . g-i = __d(5o) g _ g^{So) from (2.23) 

D^^°^ g + g^('^o) = -G , (2.26) 
which implies, for translation invariant g, 

{x-d^ + 26o) gix) = -G{x) , {p-dp + d- 26o) g{p) = G{p) . (2.27) 

In order to ensure that IR behaviour is not modified by the introduction of a cut off the 

regularised propagator g must have the same long distance behaviour as for a free field, so 
that 5 has then to be identified with the canonical dimension of the scalar field, giving 

5o = i(d-2), (2.28) 

and with standard conventions this requires 

g{p) = ^^, KiO) = l, K{p^) 0, (2.29) 

P p — >oo 
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for K{p^) a smooth cut off function, analytic in p'^ in the neighbourhood of = 0. The 
expression given by (2.29) for Q, (2.27) then determines G in terms of the cut off K 



G{p) = 2K'{p'^) . (2.30) 

Alternatively 

= G. (2.31) 



~ K{p^/K^) . _ d 



A=l 



These results ensure that tr(G- Q~^^ /2d is equal, neglecting divergent surface terms arising 
in integration by parts, to ^ tr ln(^~^) so this contribution in (2.20) just cancels the one 
loop functional determinant arising from the functional integration of ^ 93 • ■ ip. 

In terms of the cut off function K the Polchinski RG equation (2.24) may then be written 
explicitly as 



^6(f{p) 6(p{-p) Sif{p)6if{-p)^ 

For this parabolic equation to be well defined for increasing t we must have 

K'{p'^)<0, (2.33) 
which is compatible with (2.29). By combining (2.25) with (2.28) we have 

(5 = i(ci- 2 + 77). (2.34) 



For rj = the Polchinski equation (2.24) is of course identical with the Wilson equation 
(2.21) if we set = although there is now, by virtue of (2.20), a Gaussian solution for 
St = 0. 

In each of the RG flow equations the coefficient functions, G,H in (2.18) or G,Q~^ in 
(2.24), have no short distance singularities, as a consequence of the analyticity assumptions 
for G{p), H{p), so that St or St should not contain any such singularities under t evolution 
for finite t. In this sense the RG flow preserves locality. 



2.1 Functional Space 

For non linear differential equations it is necessary to specify the class of functions and 
associated boundary conditions which form the appropriate solution space. The functional 
differential RG equations described here are assumed to act on a infinite dimensional vector 
space of action functionals M spanned by monomials in 

{V,rn[<p],n = l,2,...}, Pn[p]= [llr=l<i'^Xr<piXr)Gnixi,...,Xn), (2.35) 
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where {'Pnlv']} ^ire defined in terms of symmetric functions {G„(a;i, . . . , a;„)} which are 
restricted so that each G„ is translation invariant 

Gn{xi + a,...,Xn + a) = Gnixi, ...,Xn), (2.36) 

and also connected requiring 

^ , . „ \ Xr + a , r G S C {I, . . . ,n} /„ „„\ 

Gn{xi,a,---,Xn,a) aS a -)■ OO Xr,a = < y n ' l^-^') 

[xr, r e {1,... ,n}\S 

for all proper subsets S. Furthermore the cut off should ensure that all G„ are quasi-local in 
that they are non singular at short distances, Gn{xi, . . . , Xn) is regular for any Xr — Xs^ 0, 
r ^ s. Equivalently 

/ nr=l,ndV e'^-^" Gnixi, ...,Xn) = (27r)'^5'^(E.=l,nP.) Gnipl, ■ ■ ■ ,Pn) , (2.38) 

where G„(pi, . . . restricted to ^r=inPi' = 0, is a symmetric function analytic in 

each pr in the neighbourhood of Pr = 0. By expanding Gn(pi) • • • ^Pn) about = we 
may consider a basis of local operators M.\oca\ where Gn in (2.35) is restricted so that 
Gn{xi, . . . ; Xn) = if Xrs 7^ 0, foi all r ^ s, ov Gn{p\-i ■ ■ ■ ,Pn) is just a polynomial in each 
Pr. The local operators then have the form 

Vn[^] = J d'^xPn,s[^;x], (2.39) 

for 

Pn,s[^; x]=n d''^{x) = 0(¥P", d'), s = , (2.40) 

depending only on (p{x) and its derivatives, all indices contracted to form a scalar. Of course 
such local operators (2.40) may be extended to include also operators with non zero spin. 

For functionals of finite order in ip as in (2.35) then an alternative normal ordered form, 
relative to a two point function Q, is defined by 

^^g{Vn[<p]) = e"^ ^-^'^KM ■ (2.41) 

In perturbative expansions, with a propagator Q, this removes contractions between different 
(f in Vnif]- In (2.24) we may write (p ■ ■ - tr(l) = J\fg{ip ■ G'^ ■ ip). Although the 
tr(l) term involves a divergent p-integration, as exhibited in (2.32), its subtraction ensures 
contributions arising from ip ■ ■ (p are well defined in later manipulations. 



2.2 Linearisation of RG Equations 

The exact RG equations are non linear but as shown by Rosten [10], and also in [14], they 
may be linearised and the RG flow is then determined by standard ^-functions. Defining 
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which may be expressed in an analogous fashion to (2.4), then, using (2.26) with Sq given 
by (2.28), 



6(p' i 2 Sep Sep ' 



• G • — , (2.43) 



so that 



^(^0) .±ey = ey( D('o)^ . ^ + 1 i_ . G . A y (2.44) 
dip \ dip 2 dip dip J 

Hence from (2.24) for 77 = 0, 

(|+^''"V.^-<ivA)(e.e-*l)^0. (2.45) 

So long as Q is positive definite, requiring Kij?) > 0, e-^ has a well defined action but is 
not invertible for any general St [ip] ■ For t = 

^-SoM ^ ^TM+cV ^ (2.46) 

where T[ip\ + cV, dvT[ip] = 0, di^c = 0, may be evaluated by a perturbative expansion in 
terms of the contributions for all connected vacuum Feynman graphs with propagators given 
by Gip), as in (2.29) and which are singular at = 0, and vertices determined by So[(p] 
which may be assumed to be a conventional action formed by a finite rotationally invariant 
polynomial in the scalar field ip and its derivatives. As shown later T[ip] is equivalent to 
the normal vacuum functional W[J] and is inherently non local. In terms of T[ip] the linear 
equation (2.45) for the t dependence is easily solved giving 

^y^-SM^Ji^tl+ce'^'v^ (2.47) 

for 

^j(x) = e-^M* (^(e-*x) or (^t(p) = 62(^^+2)* ^(e*p) . (2.48) 
In terms of the original field (f) before rescaling ipt{x) = Ao~^(<^~2)(^(x/Ao). 
(2.47) and (2.46) may be combined to give 

e'-^^M = e^* e--^"!^*] e'^ie'^-DV , (2.49) 

where 

2 dipt dipt dipt[x) dip[e *x) 

(2.49) may be solved for St in the form [15, 16, 17] 

since 

yi-y=lT--^^-^' Mp) = ^ (i^(e- V) - i^(p')) > for t>0, (2.52) 
2 dipt dipt 

as a consequence of (2.33). Hence c'^*"'^ is well defined so long as t > 0. The solution 
verifies that St does not have singularities for p for suitably local Sq. 
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Such linearisation allows a direct connection with standard linear RG flow equations 
involving /^-functions. In general a RG flow St[(p] determines a trajectory in an infinite 
dimensional space of all possible {«S[(y9]} actions consistent with the symmetries of the initial 
<So[</3]. Coordinates on this space may be identified with an infinite set of couplings {g} so 
that from (2.47) 

St[v]=S[^;gt] T[y,t]=T[ip;gt]. (2.53) 

Clearly T[ip;g] = T[ip^t',gt]- Defining the /3-functions as usual as the tangent vectors to the 
RG flow of the couplings gt, 

^^9t = f3igt), (2.54) 

then (2.45) and (2.53) require 

(i.(^o)^.^-dy^ + ^(,).|)r[^;,]=0, (2.55) 

which is a standard linear RG equation for ^{g) ■ ^ = P^{g)-^- 

If instead we assume the St evolves according to the Polchinski equation (2.24) with 
?7 7^ then using 

e^((^-g-i-(^-tr(l)-^-— ) = + )e^, (2.56) 



which follows from 
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^y, [3;, <^ . . ^] = 2^9 • — + tr(l) , (2.57) 
(2.45) is replaced by 

(I + ^^'"'^^ • ^ - '^^^ - • • ^) (^''^"^^'"O = °- ^'-^^^ 

The solution (2.47) becomes instead 
where now 

<^^{x) = e-|(«'-2-'7)* ^(e-*x) , (2.60) 

and we require 

L)(5-'7)^ ■^(ip-h-ip)=-ri<p-g-^-<p, (2.61) 
dip 

which is equivalent to 

j){d-S+r,) ^ ^ h^id-S+n) =r)g-\ (2.62) 

In (2.59) we have imposed the initial condition that the vacuum functional T[(p] is given by 
gJ^g-^olH Q^jr^^ gQ jg identical with T in (2.46). Writing ip ■ h ■ (p in the form given by (2.7) 
then (2.62) requires 
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This has a solution, so long as 77 < 2, 

where we have imposed the condition that h{p) should be analytic, for general rj, when 
p ~ to eliminate solutions of the homogeneous equation proportional to {p'^Y'^'^'^. The 
expression (2.64) gives for any rj < 2 

as (2.65) 

1-2?? 

As a special case 

<^*{P%,^0 = 1 - ^(P^) ' Hp)\^=o = P' ■ (2-66) 
If ?7 < then it is possible to integrate by parts so as to combine the two terms in the 
expression for h{p) in (2.64) into a single integral. 

For the Polchinski RG equation with rj ^ there is still a flow in the space of couplings as 
determined by (2.53) but the trajectory gt is now modified as is therefore the beta function 
P{g,r]), given by (2.54), which now depends on rj. In this case 

T[ipt;g] + ^ipfh-ipt-l^-h-ip = T[ip;gt] , (2.67) 

and instead of (2.55) we now have 

(^D('-^^ ^.±-dV^+ Pig, v) ■ ^) T[ip; g] = ^VV ■ G'' ■ ^ , (2-68) 

although T[ip;g] is unchanged. However the apparent dependence on rj is superfluous. For a 
general set of couplings {g} rescaling of the field ip may be compensated by a corresponding 
change in g giving 

(^V? • ^ + i^ig) ■ g] = -V-Q-^-V, (2.69) 

for some appropriate K{g). Equivalently «S[(^;5i] = S[e'^(p;gs] + ^(e^* ~ ^) f ' ' <^ where 
■^9s = f^{9s)- Using (2.56) this ensures 

• ^ - n{g) ■ ^) ^b; g] = -v-Q-^-v, (2.70) 

Applying (2.70) reduces (2.68) to (2.55) so long as 

I5{g,il)=l5{g)-\iin{g). (2.71) 



2.3 IR Fixed Points 

In the above discussion rj is undetermined and may be chosen at will. The crucial constraint, 
which provides a determination of 77, is that there should exist a well defined non zero non 
trivial limit as t — )■ cx), 

StM^^ S,[ip\=S[Lp-g,]. (2.72) 
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where from (2.24) we must have 

EM . . 1-s.M - iV^M - 1 . G .^SM + 1 A ■G-l^s.M 

= -i,(v.e-i.V-tr(l)), (2.73) 

with 5,r] related by (2.34). In general non trivial IR fixed points, with long range order, 
are only possibly if SQ[ip\ is restricted to belong to a critical surface of codimension equal 

to A'lci > 0, the number of relevant operators at the particular fixed point. There may of 
course be more than one IR fixed point, with differing possible iVrei and 77, which may be 
obtained as t — >■ 00 depending on the precise initial <So [(p\ . 

In (2.59) then, with ipt given by (2.60), it is easy to verify that 

t^oo (ZTTJ" J 

where 

= '^.W-i (2.75) 

is just the Green function for —5^, which is independent of the cut off and so satisfies, 
instead of (2.26), 

Go + Go^^^°^ = . (2.76) 

In order to ensure that (2.59) is compatible with (2.72) it is necessary to require 

T[ipt] e^'^^-Go-^-^ + n[ip]. (2.77) 

Except for the local term proportional to e''*, which diverges for ?7 > 0, (2.77) shows that 
T[(pt] has well defined limit as t ^ 00 if there is a non trivial IR fixed point. Such a limit can 
only be possible for one precise value of rj which, as demonstrated later, can be identified 
with the anomalous scale dimension of ip at the fixed point. For a non trivial limit in (2.77) 
must scale invariant satisfying Tn^ft^j] = T^[(p] and from (2.72), (2.77) we then have 

^Tt[<f]-^ifi-h-<f _ ^-S4(p] ^ (2.78) 
and T[(p; g^,] = T^,[(p] — ^ (p ■ h ■ (p. Assuming 

P{9*,V) = 0, (2.79) 

with ?7 determined by the existence of a non trivial limit, then using (2.68) with (2.61) 
ensures that 

(d^'-^^^ . ^ _ di/Ajr.M = 0. (2.80) 

As the fixed point is approached it is standard to assume 

-^e-^"*C)„M as t ^ 00 , (2.81) 

n>0 
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for {On} the set of all scaling operators and A„ = A„ — d, where A„ is the scale dimension 
of an associated local operator, determine the critical exponents. These may be ordered 
so that A„+i > A„ with Aq = —d and Oq (x V corresponding to the identity operator, 
which is independent of ip. In general Ai = —^{d + 2 — r)) when Oi is essentially just 
(f itself. For A„ < 0, which defines relevant operators, then On, n = 0, 1, . . . N^-d ~ 1, 
in general corresponds to a composite operator constructed from ip^. If there is a Z2 
symmetry under ip -H- —p so that So[(p] = So[—p] then the sum in (2.81) may be restricted 
to even n corresponding to operators Onlv^] = 99]. The critical surface corresponds 
to no contributions in (2.81) with A„ < so that (2.72) is well defined. This provided 
A^rei conditions on >So [</?], or equivalently the initial g. Under RG flow the couplings gt are 
therefore restricted to a critical subspace of codimension A^j-gi in the total space of couplings. 

In conjunction with (2.47) (2.81) would require T[p>t] to have contributions oc e~^"* 
as t ^ 00 where in general the differing {A„} are not commensurate. Such terms may 
correspond to the divergences present at coincident points reflecting the singular coefficient 
functions in the operator product expansion. 



2.4 Eigenvalue Equations 

The determination of the exponents A„ in (2.81) is associated with an eigenvalue problem 

As,0 = XO, OeM, (2.82) 
where A5 is the functional differential operator depending on action functionals S[ip] € Ai 

and in (2.82) 5^5*, the fixed point action determined by (2.73), with 6 determined in 
terms of ri by (2.34). 

Associated with (2.82) there is a corresponding eigenvalue problem for local operators 
Ai' = {$[(/?; x]}, which are functionals of ip depending also on x. Ai' is assumed to have 
a similar basis to (2.35) for Ai but F — > 1, the identity operator, and Gn(xi, . . . ,a;„) 
Gn{x\ xi, . . . , Xn) which are similarly translationally invariant under a translation in x and 
each Xri connected, quasi-local and symmetric functions of {x\, . . . , Xn)- Additionally Ai'^^^.^^ 
is such that $(x) G A^Jocai formed just from (p{x) and its derivatives as in (2.40). The 
eigenvalue equation determining the scaling dimension A becomes 

A5.,1oc*a(^) = D^^~^^^{x) = (x ■ 5 + A) $a(x) , (2.84) 

for A^^^ioc, acting on Ai' , given by 

A..,,o„ = i5<'V-|;-^5.bl.G.|; + i^.G.A. ,2.85) 

This is the same operator as in (2.82) but omitting the V dependent terms. Manifestly 
A5„ioc 1 = 0. Defining 1 • $ = / d'^x $(x) = $(0), so that 1 • 1 = then from (2.84) there 
is an associated O ^ AA. satisfying (2.82) since 

A5, (1 • $a) = 1 • A5„io,$A -dV^{l • $a) = (A - d) 1 • $A . (2.86) 
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For two cases exact local eigenoperators can be constructed starting from 

A5.,ioc V = D^^^ip - G ■ ^S, , (2.87) 

dip 

and, by taking the derivative of (2.73), 

A5„ioc = D^'^-^') ^5, -7jg-'-ip = 0. (2.88) 
dip dip 

Assuming the form (1.1) then (2.84) requires 

Y^^^^ + D^^^Y = X ■ G , (2.89) 

where for locality X{p),Y{p) are analytic for p « 0. Using (2.26), (2.62) and also (2.76) 
the solutions of (2.89) give 

^3 = 00- (h-ip-{i-h-g)- —5*) = Qo ■ (g-^ -ip-ii-h-g)- —sj^ , (2.90a) 
^d-s = Qo~^ -{v + g- ^5*) = ^o"' • g ■ -^s, . (2.90b) 

The quasi-locality of $5, follows since ^o~^ • ^, ^0 • g~^ and go ■ {I — h ■ g) have no 
singularities at p = (from (2.64) and (2.65) 1 — g{p) h{p) = a^,{p'^) = 0{p'^) as — >■ 0). 
Corresponding to (2.90a) and (2.90b), according to (2.86), are scaling operators belonging 
to M satisfying (2.82) 



1 s 

l-$5 = l-(^ + -— 1-G-— \ = -^{d + 2-ri), (2.91a) 



l-$d-5 = 1-^54^], A = -i(d-2 + r?). (2.91b) 
For T) = 0, h ^ go"^, and (2.90a) becomes 

^5o = V- {Qo - Q) ■ j^S. ■ (2.92) 

Imposing 

e?o-'-$5o =^^rf-5o, (2-93) 

restricts 5* to a Gaussian form 

sM = \^-F^-^ + c^v , F^ = {i-z){go-{i-z)g)-\ (2.94) 

where Ct^V = tr{G-F^)/2d is determined by requiring E[ip] = 0, according to (2.73). However 
when d — 60 = n6o (2.93) may be relaxed. 

The space of operators {O} C M. includes a subspace {O^} of redundant operators of 
the form 

c AAA 

= V • + ^.g-^.^- .^ = ^. S, (2.95) 
o(p d(p d(p d(p 
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for € and 5^, related to as in (2.20). Redundant operators as in (2.95) may 

be regarded as associated with the freedom of choice for in the RG flow equations as in 
(2.11). Clearly 1 • ^d-S in (2.91b) is a redundant operator. 

To show that {O^} form a closed subspace we consider 

= (A&,i„oV' - -D^V) --Ls.-j-- (As.jooV' - D'-^H) -vi'-e-^-f, (2.96) 

with A^^joc as in (2.85). Furthermore, using (2.23), 

A5. (V' • ■ v) = (A5.,iocV' - D^^^i^ -G-g-^-^)-g-^-<p 

-{G-g-' -i;) ■-^S, + -^-{G-g-' ■4^)+r)^-g-' -if. (2.97) 

With the definition (2.95) combining (2.96) and (2.97) then gives 

As^O^ = 0^^^^, (2.98) 

for 

As, ^ = As^^oci' -G-g-'-^- D(^^ . (2.99) 
It is then clear from (2.98) that for redundant operators (2.82) is equivalent to 

As^'tjj = X,p. (2.100) 
Using (2.27) and (2.76) then from (2.99) 

go ■ g-^ • A5, V = A5.,ioc g^-g-^-i^- d(^^ {go ■ g-^ ■ ^) . (2.101) 

Hence, for any local operator $a satisfying (2.84), (2.101) ensures that 

As^Og.g^-r.^^ = {A - 6) Og.g^-,.^^ , (2.102) 

giving for each $a an associated redundant operator. 

For non redundant operators O, which are defined so as to be linearly independent of 
all {O^}, (2.82) may be relaxed to require only 

As,0 = \0 + 0^, (2.103) 

for some redundant operator of the form (2.95), as (2.103) may be reduced to (2.82) 
since 

AsAO + 0^) = X{0 + 0^) for -A)V = X. (2.104) 

Assuming no accidental degeneracies of the eigenvalues of non redundant and redundant 
operators As, — A is then invertible, so long as O is not redundant, and ip may be found in 
terms of %. 
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Using the operator A^^^ equations for the variation in the fixed point action 5* conse- 
quent on variations in the initial ^ which determine the RG equation may be found. Here 
* is given by (2.17) and (2.22). For a variation of 77 in (2.73) 

AsJS^ = -^SriO^, (2.105) 

and for variations in G and hence Q, which are related by (2.23), then 

As,{6S, + ^^-5g-^ ■ip-6triG-g~^)/2d) = AsJS, = , (2.106) 

for 

^P = l6G- ^S, + l6G-g-^ -if-G- 6g-^ ■ if , (2.107) 
2 d(p 2 

and A^^ given by (2.83). Solutions of (2.105) and (2.106) lie within the space of redundant 
operators. However as discussed subsequently A^^ is expected to have in general a non 
trivial cokernel at non trivial fixed points. The quantisation of r/ at the fixed point requires 
that (2.105) should have no solution for SS^. 

Corresponding to the transformation 5* in (2.78), which gives rise to a linear 

fixed point equation as in (2.80), there is an associated transformation for any $ G M' with 
$(a;) — )■ P$(x) given by 

P<i,(x)e^*[^] = ei^-^-^ (g-^.M $(3;)) . (2.108) 

This transformation may also be extended to O ^ Pq for O ^ ^A but as shown later 
this need not always be well defined. Directly from the definition (2.108) the identity is 
invariant. Pi = 1. Using 

+ £^[V5]e-'^*['^]$, (2.109) 
for E[ip\ given by (2.73), with (2.44) and (2.56) then 

^\^-h-^^y A5.,ioc<J>(x)) = (^/^(^-''V • ^ - ^^^) e^^-'^-^e^ (e"^*!^! $(x)) . 

(2.110) 

Hence (2.108) gives 

= (2.111) 

For an eigenoperator satisfying (2.84) then 

i^^'-^V • ^ = D^'^^P^^ ■ (2.112) 

This equation is independent of 5* and does not therefore determine A in any non trivial 
fashion, which is consistent with the transformation $ — > P$ not being invertible as e~-^ 
acting on arbitrary functionals is ill defined. 
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To consider the transformation of the exact eigenoperators and ^dSj defined in 
(2.90a) and (2.90b), we first obtain from (2.108) and (2.78) 

P^ = {i-g.h)-ip + g-—T4ip], 

Hence 

P^s = So ■ -^T^ip] , (2.114a) 

P^,.s = Oo-^ ■ V ■ (2-114b) 
Using (2.80) and (2.76) it is straightforward to check that 

D('-^)<p ~P^s= D^'^P^s , ^^'-''V • {^P^d-s = D^'-'^P^d-s ■ (2-115) 



(2.114a), (2.114b) demonstrate that the transformation O Po, given by (2.108), does 
not extend to arbitrary O € A4, since from (2.114a) 1 • P^^ is singular while from (2.114b) 
1 • P^^_g is zero while there are no such problems for 1 • $5 and 1 - ^d-S- However for a 
redundant operator, as in (2.95), (2.108) gives 

Po^ = V- Q-^ - Pi. . (2.116) 

Using (2.23) 

= ^-^"'-^A,.^' (2-117) 
as expected according to (2.98) with Ag^ defined in (2.99). 



2.5 Zero Modes 

Amongst the scaling operators appearing in the asymptotic expansion (2.81) the zero modes, 
or marginal operators, Z for which = so that 

A5.^ = 0, (2.118) 

are of especial interest. The fixed point action is then arbitrary to the extent ~ 

— eZ\^ for infinitesimal e. If this is integrable there is an associated line of fixed 
points. For simple scalar theories a marginal operator Z can be obtained by considering 
particular reparameterisations of the scalar field but are redundant since they are then 
removable by such a redefinition, or equivalently are zero subject to the dynamical field 
equations. If the line of fixed points generated by this redundant Z is parameterised by a 
variable a then all <S*[<^;a] are equivalent. 
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For a redundant operator then 

Z = 0^^, (2.119) 

for appropriate ^\)z- Using (2.102) and (2.90a) the zero mode operator is determined in 
terms of $5 by taking 

dip 

= ^ + {g-h-g-g)- — s,[ip]. (2.120) 

dip 

This result for gives, using (2.95), an expression for Z[ip\ identical with the operator 
constructed by O'Dwyer and Osborn [18]. 

Although tpz and hence Z is relatively complicated under the transformation Z — t- Pz 
given by (2.108) there are significant simplifications. Using (2.120) to express ^z in terms 
of and then (2.114a) with (2.116) gives 

Pz[v]=^-j^T,[ip]. (2.121) 

This demonstrates that letting <S*[<^] — >■ <S*[(/5] — £:Z[</5] induces the associated transformation 
T*[ip\ -> Ti,[ip\ + eip ■ j;^T^[ip\ and hence that the line IR fixed points generated by Z 
corresponds to a simple rescaling of in T*, T^[ip\ ~ T*[A</5] for all A > 0. 

The existence of a zero mode Z satisfying (2.118) is potentially crucial in ensuring that 
the anomalous dimension r/ is determined at an IR fixed point. This requires that (2.105), 
corresponding to varying 77, has no solution. The presence of a zero mode demonstrated 
that Ag^ has a non trivial kernel while the lack of solutions to (2.105) in general would be a 
consequence of a non zero cokernel. These would be identical if it were possible to construct 
a scalar product with respect to which A^^ was self adjoint. 

Associated with the marginal operator Z there is a corresponding local operator ^z{x) 
satisfying (2.84) with A = d. To determine this explicitly we first construct a bilocal 
functional F[ip; x, y] satisfying 

A5.,ioc Hx, y) = D^^'^-^^J^ix, y) + F{x, y)5j^^ . (2.122) 
Suppressing the x, y arguments this is satisfied by taking 

T = ^5 + 9^-^ ■ Q ■ sS^^ ■{i-g-h)-go + ci 

%d-5 - go-^ ■g--^)^5 + ic + i)i, (2.123) 

where ^d-S, *^<5 are given by (2.90b), (2.90a) albeit the latter in (2.123) is rewritten in terms 
of its transpose 

^s = ^-g~^-go- ^s, ■ii-g-h)-go, (2.124) 

dip 

and S'i^) is also the symmetric bilocal functional defined by 
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In (2.123) X 8'^[x - y) which satisfies (2.122) triviahy since A^^ loc^ = 0, so that c is, 
for the moment, an unconstrained constant. To verify that (2.123) satisfies (2.122) it is 
sufficient to use 

A5.,loc ^5 - D^'^-^^^d-S ^5 - ^S^^^^ = ^ " ^ " ^ ^5 , (2-126) 

and, from (2.73), 

= -g-^ G- sS^^ - sS^^ ■G-g-^ + sS^^ ■ c ■ sS^^ , (2.127) 

together with identities such as (2.26), (2.62) and (2.76). In the same fashion as for 
and $5, T is also quasi-local. It is then sufficient from (2.122) to take 

^z{x) = T{x,x), (2.128) 

so long as the coincident limit is non singular. This determines c, if the leading term in 
SS^^ is g-^ then c = -1. Note that also 

Z = tr(J^) . (2.129) 



If we consider $2 — P^z^ ^ determined by (2.108), then 

P^z = P^,-s P^s > (2-130) 

where -P*^.^ P^g are given by (2. 114a), (2. 114b). In this case taking the coincident limit of 

P^d-si^) P^siy) causes no problems and it is also trivial that D^^~'^^ip ■ = D^'^^P^^ 

from (2.112) for P^^-s ^^'^ P^s- However it is non trivial that corresponds to a quasi- 
local $2. 



2.6 Solution of RG Equations with a Source 

In quantum field theory it is natural to introduce a source term e'^ '^, J-(f) = J d'^x J(x)^(x), 
into the functional integral so that all correlation functions are obtained in terms of func- 
tional derivatives with respect to J. In this context we therefore consider RG flow equations 
starting from ^AqI^, J] = Sao[<P] - J ■ (f), ot following (2.9), (2.10) and (2.28), 

So[^, J] = So[ip] - J ■ ip , J{x) = kW+^)j{xK), (2.131) 
so that J ■ 4) = J ■ if. The RG flow equation (2.24) may be extended to the form 

(2.132) 
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We here show how a solution for St[(p,J], with the initial condition (2.131), may 
found in terms of St[(p] by taking 

St[ip, J]=St[p + BfJ]-\J -CfJ -J -Vf^. (2.1 

Substituting (2.133) into (2.132) and using (2.24) gives a solution so long as 

at 



ot 



d_ 

di 

^Ct-v^^^Ct-eM^^ +'nBT -Q-^ -Bt + VfG-vT = (2.1 

with similar definitions to (2.14), and to ensure (2.131) 

So = 0, Co = 0, Po = l- (2.1 
It is easy to see that it is sufficient to take 

Ct = VfBt, (2.1 
so that (2.134) may be reduced to just the coupled equations 

^ Bt{p) + {p-dp + 2-rj) Bt{p) = - 2K'{p^) Vt{-p) , 

^Vt{p)+p-dp'Dt{p)= -ri^2L.Bt{-p). (2.1 

Prom this we may obtain 

^ {k(t) Vtie'p) + e^* Bti-e'p)) = , (2.1 

for 

Using the solution of (2.138) we find 



It is then easy to obtain 



for 



<^.« = -if«/;d»e-iL^(J^. (2.1 
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When r] = this simphfies to 

Vtip) = 1 , Btip) = l(K(e-V) - Kip^)) . (2.143) 

In the limit t oo 

^* W = (1 - ''*(p^)) ' Mp) = ^ 'y*{p') , (2-144) 

where (T*(p^) is defined in (2.64). Hence 

Stiv, J]\t-^^ J] = S*[<P + B^- J]-\J -V^-B^ - J - J -V^-^. (2.145) 

This existence of a fixed point action S^,[ip, J] for arbitrary J is a reflection that J only 
couples to if and the result essentially corresponds just to a shift in ip. 

2.7 Relation of T[{p\ to Vacuum Functional W[J] 

In standard quantum field theory it is conventional to introduce the generating functional 
W for all n-point connected correlation functions W is given by the contributions for all 
connected vacuum Feynman graphs in the presence of the source J so that 



dJ{xi) . . . 5J{Xn) 



(2.146) 

J=0 



Standard functional manipulations [22] show that, with y given by (2.42), 

(2.147) 



</5=0 



Following Rosten [10] wc show how this is linked with T[(f\ defined by (2.47). It is 
straightforward to extend (2.58), starting from (2.132), to 

(I + D^'-^)^ . A + D^d-5)j .A__i^^.g-i.^^ ^-S4^,J]^ ^ , (2.148) 



which has a similar solution to (2.59) 



(2.149) 



for ipt as in (2.60) and 

Jt{x) = e-W+^-v)t j^^-t^-^ ^ (2.150) 
However using the Baker-Campbell-Hausdorff formula in the form 

e-^-^ = e- ('^+^'^) = e^-^-"^'-^ e^'^'h , (2.151) 
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it follows from (2.131) and (2.59) that, for t = 0, T[ip, J] is expressible just in terms of T[ip\ 

T[^,J] = \J -g ■ J + J ■^ + T[^ + g ■ J]. (2.152) 
so that in (2.149) for any t > 

T[ipuJt] = \JfQ ■ Jt + Jf^t+TWt + Q ■ Jt]- (2.153) 

The previous discussion of the behaviour at an IR fixed point can now be extended to 
r[(^, J] since (2.77) becomes 

TVpu Jt] , e^'\ vgo-^-V + T4^, J] ■ (2.154) 

Using (2.77) with (2.153) with 

Jfipt^e^'j-cp, JfQ-Jt ~ e'^'j-Go-J (2.155) 

since 

g(e*2/) ~ ao(y), (2.156) 

for Qo as in (2.75), then 

T4ip,J]=T4ip + go-J]. (2.157) 



In a similar fashion to (2.78) 



(2.158) 



Compatibility of this result with (2.157) and the solution for — J] in (2.145) may be 
checked by applying the Baker-Campbell-Hausdorff formula just as in (2.151) to give 

(2.159) 

as a consequence of + G ■ = Go, = Gq ■ h and P* ■ 5* + • ^ • = Go ■ h ■ Go, 
noting that, from (2.64), h{p) = (1 - cr*ip'^))/Gip)- 

For the generating functional for connected correlation functions 1^[J], (2.147) and 
(2.149), (2.152) give 

W[J] = ^J -G ■ J + T[G ■ J], (2.160) 

and using (2.77) 

W[Jt] ~ W4J]=%[Go- J], (2.161) 
This implies for the correlation functions defined in (2.146) 

G(")(e*xi,...,e*x,) ~ e-^('^-2+^)*Gl")(xi,...,x„), (2.162) 
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with, from (2.161), 

n „ 



(5" 



r=l' 



S(p{x'i) . . . d(p{x'n) 



(2.163) 



ip=0 



for — X f X f • 

Since (2.162) requires (e*a;i, . . . , e*x„) = g-^'^'^-^+r,)* Q^f^ {x^, .t„) then this is 

just the expected scahng behaviour at an IR critical point if r] is identified with the (p 
anomalous dimension. 



2.8 Gaussian Solution 

Although perhaps somewhat trivial it is illustrative to consider a Gaussian solution which 
is quadratic in the fields of the form 

Stl^] = \<f.Ff^ + ctV = J d^'p m Ft{p) 'fi-p) + ctV , (2.164) 

where Ft = . Substituting (2.164) into (2.24), or equivalently (2.32), gives an evolution 
equations for Ft and q, 



o 2 

-Ftip) = (2 - 77 - p • dp)Ftip) + 2K'{p') Ft{pf - q , (2.165a) 

^^-d]ctV = -ltv{G-Ft-vl)- (2.165b) 



dytV= -^tv{G-Ft-vl)- 
(2.165a) can be rewritten as 

^(,-<-,..^,„.rt , . ((.-(-...^,(e'p))^ - 1^) , (2.166) 
with k{t) by (2.139). This may be solved for any arbitrary initial Fo{p) giving 

..(,^)^..^ ...z?'^'-:'';:' (2.167) 



Ft{p)+p^/K{p^) ^ ' i^(e-2V) e2*Fo(e-*p) +pVi^(e->2) 
for Gt given by (2.142). The corresponding solution of (2.165b) is trivial 



CtV = e"'* F - ^ ^ di! e"*^*' tr(G • Fj. - 77 1)^ . (2.168) 



For ?7 = (2.167) may be simplified to 

1 e-2* 



+ l(K(e-V)-i^(p')). (2.169) 



Ft{p) Fo{e~'p) P- 
For locality it is crucial to assume Fq{p) is analytic in p for p 0. 
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If f — >■ oo then Sf 5* where 

S4(p] = l(p-F^-(p + c^V, (2.170) 

and, for the hmit ct — )> c* to exist, it is necessary that cq is fine tuned to cancel any e*^* 
terms giving 

c,V = ^tv{G-F,-rjl). (2.171) 

For -Fo(O) 7^ 0, and assuming ?7 < 2, from (2.167) 

F.(rt=lm,F,(p) = ^(^-l), (2.172) 

which is independent of the initial Foip). Since, from (2.65), (T^,{p'^) oc p^, as 0, 
F*(0) > so this fixed point does not lead to any IR long range order. It corresponds to 
the trivial high temperature fixed point described in the introduction. If Fq{0) = 0, which 
defines the critical surface for Gaussian theories, so that 

Fo(p) = %2 + o((p2)2), (2.173) 
and 77 = also then (2.169) gives the limit, depending only on 

This gives rise to an IR fixed point with long range order, the need for ry = was also 
made clear by Comellas [20]. For Ft{p) to be non singular it is necessary that 2; > 0. The 
solutions for in (2.170) are then 



{i-h-g)-^-h, r?7^0. 



(2.175) 



Hence from (2.90a) and (2.92) 



$. = j°' . .-1 (2.176) 

\ zGo ■ [{1 + z)gQ - Q) -ip, ri = 0,S = So. 

For 77 7^ therefore Z = 0, corresponding to the lack of any condition determining rj. For 
rj = using (2.175) in (2.170) is identical with (2.94) for Z = z/{l + z). 

The result (2.176) can be used to verify the previous formula for zero modes since from 
(2.120) 

i^z = H-ip, H = zg-F^. (2.177) 

and then (2.95) gives 

Z[ip] = <p-H'^-{F^ + g-^) ■ if - tr{H) , (2.178) 
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where 

■ {F^ + Q-^) = z{l + z)F^-go-F^ = -z{l + z)^ . (2.179) 

Since H{p) = zK{p^)/{l + z — K{p'^)) then inserting 1 = dp- pjd and integrating by parts 
gives 

= +4wr4''' = 2.(1 + C.F , (2.180) 

since, with 77 = 0, 

Hence 

Z[(t>] = -2z{l + z)^^S,[ip], (2.182) 

in accord with z being a redundant parameter. 

Clearly 5* depends on the cut off function on the other hand T* obtained from 5* 
according to (2.78) is independent of K. To determine T* and demonstrate this in the 
Gaussian case it is sufficient to use 

^-kf-F*-^ = g-i<p-(6+F,-l)-l-¥'-itrln(l+0.F,) _ (2.183) 

Prom (2.175) 

(g + Frr^ = |^; ^^IJ' (2.184) 

and assuming 

itrln(l + ^-F^) + c*y = 0, (2.185) 
then, since for 77 = 0, /i = Qo~^, (2.78) gives 

Tm4'1 . (2.186) 
For 77 = this result shows that 

2z{l + z) — T.[^] = ^- = Pz[p] , (2.187) 

in accord with the expression (2.121) for the zero mode. To verify (2.185), with given 
by (2.171), we note that 

f -^JTfvr [d'^P In(l-/i(p)i^(p2)/p2) ^^0, 

itrln(l + 6r-F,) = <^ / J ' , , (2.188) 

\ ^/d'^pln(l + i^(p2)/(l + ^-i^(p2)))^ ^ = 0, ^ ^ 

and then insert 1 = dp ■ p/d and integrate by parts. For 77 7^ it is necessary to use 
p ■ dp{h{p)K{p')/p') = -77(1 - h{p)K{p')/p-') + h{p) 2i^'(p2). 
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Of course for the Gaussian fixed point all critical exponents can be obtained. To obtain 
the scaling dimensions A for local scalar operators a;] we consider the transformation 
(2.108) for <S* given by (2.170). Extending (2.183), and using the results already obtained 
for T*, ensures that (2.108) becomes in this case 

P^[ip\ = e^'^"^~''^*'^e5^'^*'^$[v?] =e^^'^'^*~^'^'^ ^g^-g-^ - if], (2.189) 

for 

g* = g -g -{g + F,-^)-^ -g , g,-^ = F, + g-\ (2.190) 

For 77 = 

g* = g~ g-go'^-g. (2.191) 

In this case (2.112) becomes 

D^'°^V ■ ^ P^. M = D^^'^P^, M . (2.192) 
With the basis of local operators for A^(ocai Provided by (2.40) 

D^^°^if—Pn,s['P;x] = D^^"''^Pn,s[^;x], An,s = nSo + s, n,s = 0,l,2,... . (2.193) 

Identifying P#„^ = Pn,s the corresponding operators ^n,s are obtained by inverting (2.189) 

= ^^g.[PnAS ■ ■ ■ (2-194) 

The inversion is well defined acting on monomials of finite order in As special cases 

1 + z 

Pi,o[(p] = (p ^ ^i,o = g -g*'^ = ^^^so, 

PiM = Oo-'^-'p ^1,2 = go-^ ■ g ■ g*'^ ■ V = ^d-so , (2.195) 

where ^^g, ^d-So are given by (2.92), (2.90b) with (2.170) and (2.175). In this case we may 
take Z = 1- $2,2- 

A basis of redundant operators may also be obtained from (2.116) by taking 

for ^n,s = g ■ go~^ ■ Pn,s ■ (2-196) 
In this basis Z = O^^ ^ for Pi^o as in (2.195). 
For r? 7^ (2.190) with (2.184) give 

G{p)-^g*{p) = a^ip^) = 0{p^) as p2^0. (2.197) 
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In (2.189) e'^ ° * ''■^ then generates contributions which axe singular as p and so 
are non local. To construct a local basis we now write 

P^r.:,=e'^-'^^°~'-^Pn,s. (2.198) 
This modification generated additional terms in the eigenvalue equation 

D('-^^^ . A p^^ ^ = e^-^-So-^ ■ ^ . A_p^^^ = i)(^"-)P$„„ , (2.199) 

where now 

A„,s = i(d + 2-7?)n + s. (2.200) 

Manifestly there is no zero mode in this case, and for rj < 2 there are no relevant operators 
even in ip except for the identity. 

Instead of (2.196) a basis of redundant operators is obtained for the trivial high tem- 
perature fixed point by taking 

O^^M = e--^ ^ -^-^ ^-^■ir.g-^-G. . p^^j^] ) . (2.201) 

This shows that all scaling operators, with eigenvalues given by A„^5 — d with A„^s as in 
(2.200), are redundant except when n = s = 0, when O V and A = — reflecting the 
triviality of this fixed point (similar results were described in [3]). The lack of any condition 
constraining also relates to the absence of a zero mode. 



2.9 Legendre Transform 

An alternative simple form for an exact RG equation, valid outside any perturbation theory, 
was introduced by Wetterich [19] by considering the RG flow of the one particle generating 
functional T. This was shown to be equivalent to the standard Polchinski equation by Morris 
[14] where V is related to the action S appearing in the Polchinski equation by a Legendre 
transform. Here we show how this extends to the case when the Polchinski equation is 
modifled by allowing for the freedom to introduce the free parameter 77 which plays the role 
of an anomalous dimension as in (2.24). A related discussion was recently given by Rosten 
[21]. 

Before introducing a Legendre transformation the Polchinski equation (2.24) is first 
rewritten in terms of the functional trace (2.5) so that 



= i ^ S.M G • ^ 5,M - 5 tr(G ^ M) - i (9 ■ - tr(l)) , (2.202) 

where now 
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The Legendre transform determining F is then 

= ^t[$] + i$•7^•$ + i^■Q■(^-(^•x■$, n = n^,Q = Q^, (2.204) 

where $ is defined by 

—St[ip\-Q-^ = -T-^. (2.205) 
The Legendre transform leads directly to 

— ri[$] + $ . 7^ = • I , ^r,[$] = -SM . (2.206) 

It is easy to further obtain 

5f ) Yp]-Q=-X-{n + Vf [$])"'• , (2.207) 

where 

If we omit a <I>-independent term ^ tr(G • Q — 77 1) oc which is reconsidered later but 
may be consistently neglected in obtaining an equation for Fj, the RG flow equation (2.202) 
then becomes 

{Wt + ""^'^^ ■ 4 - ^^^)^*^^^ = i tr(z^ . G . Z . (7^ + fP[$] )-^) (2.209) 
so long as 

= i($-X^-(^ - Q) - G- (X-$- Q-v^) - i77(^-g-i + — Ft[$] -1)$, (2.210) 

using (2.205) and (2.206). Eliminating ip through (2.206) leads to equations for Q,I and 
TZ which can be reduced to 

-L>('^-'5) Q - = Q-G ■ Q-rig-\ (2.211a) 

_j^{d-S) J- _ x^id-S) = Q.G-I, (2.211b) 

_j^{d-5)j^_j^^{d-5) = x'^-G-I, (2.211c) 

where D is related to D as in (2.14). With (2.29) and (2.30) these become the differential 
equations 

2 

{p.dp-2 + r,) Q{p) = 2if'(/) Q{pf - r? , (2.212a) 

{p-dp-2 + r]) Tip) = 2K'{p') Q{p) X{p) , (2.212b) 

{p-dp-2 + r])1Z{p) = 2K'{p^)±{-p)T{p) . (2.212c) 
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(2.212a) is similar to (2.165a) and can be solved in an analogous fashion 

fip') = ip'r'^-^" Qip) + ^ fix) = x-^^K'ix) fix) i^fix) - J , (2.213) 

or 

A f I ^ = (2 214) 

dx\f{x)K{x)^ J dxKix) ■ ^ ■ ^ 

Requiring analyticity for p « determines a unique solution 

p2 / 1 



where cj* is given by (2.64). (2.212b) is a linear homogeneous first order equation for I{p) 
which can be easily solved by integration. With an arbitrary choice for the overall scale we 
have 

i(p) = ^. (2.216) 

With this solution (2.212c) becomes 

= .'(.) = .i.^ = ^(.i,|M), (2.217) 

SO that, assuming analyticity for p again, 

Prom the definition (2.64), for general rj < 2, the asymptotic behaviour of o"*(p^) is given 
by (2.65) and 

cj*(p^)^l as p'^^oo, (2.219) 

assuming that K{p^) ^ as — t- oo faster than any inverse power and K'{p^) < for 
all p^. In consequence 7t(p), as defined by (2.218), is a finite positive constant for p = 
and falls off rapidly for large p^. Reinstating the cut off scale A in (2.218) by dimensional 
considerations in the form 

~ p^KjpyA') 

then we may define 

_j){d-S)j^_j^-^{d-5) -rin = l'^-G-I-rin, (2.221) 



A=l 

as a consequence of (2.211c) or (2.212c). 

Using the above results the omitted term in (2.209) becomes 

i tr(G ■Q-ni) = l ti{n n-^-G- g-^) , (2.222) 
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which are removed by the natural redefinitions Tt[^] — tr(7t • TZ^^)/2d — t- rf[$] and also 
St[i^\ — tr(G • Q~^)/2d — ^ >5j[(^]. In terms of the full action St, related to St as in (2.20), 
(2.204) now becomes 

St[ip] = Tti^] + U^-go-G~^-^)-n-{^-go-g-^-^)-^ ti{n ■ n-^) , (2.223) 

where Go is given in (2.75). Applying (2.221) in (2.209) 

+ = ^tr((7^ + r?7^) • (7^ + rf ^ [$] )-^) , (2.224) 

for 

iZ{p) = (p.dp- 2)n{p) . (2.225) 

(2.224) is just the standard form of the Wetterich RG equation [19] extended to include the 
parameter 77. Assuming TZ is an independent cut off function all dependence on rj is explicit. 

If there is a fixed point as t — )• cx) for a suitable choice of rj then at the fixed point 
must satisfy, by virtue of (2.209) and (2.221), 

A_dFA^^.[$]-itr((7^ + r?7^) • (7^ + ^12)[$])-^) =0. (2.226) 

Corresponding to (2.81) we then have 

rt[$] ~ r4$] - e-^"*P„[$] as t^oo. (2.227) 

n>0 

Although the relation between $ and (p in general depends on t we have to first order in an 
expansion about the fixed point 

Pn[^] = On[ip] for ■^S4^]-Q-^ = -T-^. (2.228) 

The eigenvalue equation, which is equivalent to (2.82) with (2.83), becomes 

+ ^ tr ( (7t + r?7^) • (7^ + T?) [$] ) ■ V^'^ [$] • (7^ + tI'^ [$] ) , 

(2.229) 

with 7^(2)[$;a;,y] defined as in (2.208). 

It is easy to check from (2.229) and (2.226) that 

p[$] = l.$ ^ x = -l{d + 2-ri), (2.230a) 
Vm = l~r4^] => A = -i(d-2 + r?), (2.230b) 

in agreement with (2.91a) and (2.91b). 
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If we consider redundant operators of the form (2.95) then using (2.228) to define an 
equivalent ^P^s,m gives, with the results in (2.215), (2.216) and (2.218), 

P^[$] = ^ . ^r4$] - tr((7^ + rl')[$] ■ n ■ , (2.231) 

for 

^^'^t^'^'^J = Waf^^''^^' = V^[v^;p];^- (2-232) 

Manifestly V in (2.230b) is the redundant operator Vi- 

For the zero mode operator given by (2.119) and (2.120) the corresponding operator 
here is also a redundant operator of the form (2.231) since 

= = $ . ^r4$] - tr((7^ + rl^^[$] • nj . (2.233) 

To verify that this is a zero mode it is necessary to use 

Ar,2[$] = $ • ^E[^] - tr((7^ + rl')[$] • E^^^[^]^ , (2.234) 
where E is defined in (2.226) and we require the identity 

-tr ( (7^ + rl^) [$] ) 7^ • (7^ + rl^) my'- {d(^-'^ ri^) [$] + rl^) [$] ) ) 
= tr((7^ + ^l') • (7^ + r/7^) • (7^ + ^l')[$])"'■^l')[$]) , (2.235) 

which depends on (2.221). 

If Tt [$] is restricted to Gaussian form so that 

Ttm = l^-Xf^ + XtV, (2.236) 

then the solution of (2.209) gives simply 

Xt(p) = eM*xo(e-*p), (2.237) 

independent of TZ. For there to be a limit as t ^ oo with Xo{p) analytic in p then it is 
necessary that r] = 0, Xo{p) = rp^ + . . . and also Xq to be chosen precisely to remove any 
gdt ^gi-jjis^ so from (2.226) 

r,[$] = ^$.x*-$-^tr((7e + x*)-'-7t), X.ip) = rp\ (2.238) 
where, with TZ given by (2.225), 

«r(('= + X.)--^)=(^/dV5j;f5L_. (2.239) 
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Applying the formula (2.233) to the Gaussian case gives 

using \ = dp ■ p/d and integrating by parts with the result (2.239) for TZ. In terms of the 
original Polchinski cut off function K{p^), and with 77 = 0, TZ{p) = p'^K{jP')/{l — KijP')), 
jl{p) = 2(p2)2i^'(p2)/(i _ Kip'^yf. 



2.10 Alternate RG Equations 

By considering a transform akin to that in (2.46) the Polchinski RG equation generates a 
new RG equation with some additional desirable features. This equation is equivalent to 
considering expansions of the original equation in terms of a normal ordered basis, and is 
connected with the approach based on using scaling fields to reduce the RG equations to a 
tractable set of finite equations [23]. 

To handle 7^ it is necessary to introduce a new Green function Q which is defined 
by a modification of (2.43) by requiring 



^ ^ -G — , y = l:^-g~. (2.241) 



Sip i 2 Sip Sip 2 Sip Sip 

The corresponding equation for Q is then 

{ydy + d-2 + r,)g{y) = -G{y) or {p ■ dp + 2 - ri)d{p) = 2K'{p^) , (2.242) 
using (2.30). This has a solution 

J(p) = ^^M, K(p^) = -{p'^)h rdxK'{x)x-'^\ (2.243) 
P Jp2 

where K{p'^) has been required to vanish for large p'^. Clearly 

K(/) ^ C^(p2)2\ C„ = - dxK'{x)x-2\ (2.244) 

Jo 

or equivalently 

G{y) ~ rr r. (2-245) 

where 

2V r(-d + -n) 27rl'* 

Cr, = (d-2 + ri)Sdk= , ¥^ C'„ , = . (2.246) 

^ ^ r(id)r(i-ir?) r(id) ^ ^ 
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For r/ = it is easy to sec that G{y) = Q{y) and 3^ = 3^ with Cq = = 1 as a consequence 
of i^(0) = 1, and the asymptotic form is the same as given by (2.156) with (2.75). For 
general 77 if K{p'^) falls off faster than any power then from (2.243) 

K{p^) - K{p'^) as p2 ^ 00 . (2.247) 



Using (2.241) (2.24) can be recast in the form of the functional differential equation, 
(| + ^''V.|;-^kA),*5,M 

= i (J^StM ■ G ■ ^5,M - , (v ■ • V - tr(l))) . (2.248) 



Defining 



St[ip] = e^StM , (2.249) 
then, using e"^ {f{z) g{z)) = e^'^oSv (e"5&/(z) e"!^ g{z')) |^,^^, 

+ D'*V ■ - i'a^7 j Am + h('i''e-' ■v + HQ e-'- 1)) 



I 00 „ n 

= {T.-\\^^^ ^^y) n dV, ^(y,) 



n=0 r=l 



(5v?i(x)5v9i,(xi) . . . v?i„(a;„) (5v?i(x')5'/'n (a^'i) • • • ^^PiS^'n) 



(2.250) 



where 'r- The transformation St St is tantamount to expressing St in a normal 

ordered basis. If <St[99] is expanded in a basis of monomials Vn{^] then St[ip] = e'^-^St[(p] has a 
corresponding expansion in terms of the normal ordered monomials Afg {Vn [<p] ) = e'^^Vn [^f] , 
as in the definition (2.41), for the two point function Q. 

For ?7 = and ^ = ^ an equation essentially identical with (2.250) was used as a starting 
point by Wieczerkowski and Salmhofer [24, 25] in proofs of perturbative renormalisation for 
scalar field theories. 



3 Derivative Expansion 

Since the RG flow equations for St ensure that it remains essentially local it is natural to 
consider an expansion where St[^p] is an entirely local functional f d'^x C{ip, d(p, ddip, ■ ■ ■), 
with the expansion parameter the total number of derivatives. Although such a derivative 
expansion has often been used as an approximation to the exact RG functional equations 
[26, 27, 20, 28, 29, 30] the resulting differential equations, at least beyond lowest order, 
depend on the detailed form of the cut off function and reliability of any results, unless 
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some optimisation strategy is used, can be uncertain. It is also not obvious how to maintain 
consistency with perturbative results beyond lowest order. 



It is also useful to consider an extension to a A^-component scalar field (pi ^ (pi, assuming 
now • includes contraction of indices where appropriate. The quadratic term in (2.20) 
5 <f ■ ■ which includes the cut off function K, is invariant under 0{N) symmetry but 
this may be reduced depending on the form of the initial «So[¥'] in the RG flow equations. 
For the present discussion we start from the Polchinski equation (2.24) which includes r/. 
In the multi-component case this becomes in general a matrix but for simplicity we assume 
Tlij = V^ij-i as would be required by 0{N) symmetry. 

Usually the derivative expansion is applied directly to Si[(p]. Here we discuss an alter- 
native form of derivative expansion, different from the standard approach, which is in terms 
of St, defined in (2.249), by writing 

St[<p] = J d'^x {v{<p) + Id^d^^k Zjki^) + •••)■ (3-1) 

It is easy to obtain 

d \ 

+ ^d%d^,ipk(r] Zjki'p) + 5ipi—Zjki<p)) +...]. (3.2) 



If (3.1) is inserted on the right hand side of (2.250) the functional derivatives generate 
^-functions ensuring that the integrals over Xr,x'r all become trivial to evaluate so there 

remain integrals just over x,x'. The resulting expression corresponds to contributions from 
all two point Feynman graphs. The leading terms, with up to two derivatives, are then, 
after judicious integrations by parts, 

(I + ^^'^^ ■ ^ - ^^^) + hifO-'-v^ + tr{G ■ g-' - 1)) 

d'^dV hn...MVin...S^') G{y)g{yr 
+ d%d^^k Zjk,in...iMVih-iA'P') G{y)g{yT 
+ d%d^^', {2Z,,,„„,S^) - Z^,,,,,...,M) yk^^,...^M) G{y)g{yr 

- Z^k,n..,^.Av>) VSfen...i„_i(^0 {dMv) QivT + nG{y) d^g{y) ^(y)"-i) | , 

(3.3) 

where in the integral if' = f{x') while (p = ^{x), as before y = x — x', and we adopt the 
notation Vii^,,,i^{ip) = didi^ . . . di^V{ip), and similarly for derivatives of Zj^^ip). 

To obtain tractable closed equations which may be solved it is necessary to project the 
right hand side of (3.3) onto local expressions of the same form as feature in the derivative 
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expansion. This is achieved by assuming that the products of G{y) and Q{y) that feature 
in (3.3) can be expanded in the form 

G{y) Givr ~ -cn S'^iy) - c'n d'^d^y) + . . . , 
d^G{y) g{yr + n G{y) d^g{y) ~ d„ 5\y) + .... (3.4) 

In general Cn,c'n,dn, for arbitrary n and dimension d, depend on the detailed form of the 
cut off function. However some results are independent of the precise form of the cut off 
and depend only on the form of g{y) for large y as exhibited in (2.245). To demonstrate 
this we consider the integrals 



d%{y^YG{y)g{yr = ^ J d^y (y^' {y . dy + {n + l){d - 2 + n))g{yr+^ 

''''^r'(i¥^)^^'" (n + l)(d-2 + ,)-2r = d, (3.5) 



n + l 



using (2.242) and where is given by (2.246). For rj = 0, and Cq = 1, these results are 
just the coefficients of the logarithmic divergencies in the associated two point Feynman 
graphs in appropriate dimensions depending on n. Using (3.5) it is then easy to see that 
for n = 1, 2, . . . , 

r \ -^Rk"^ r' \ - k'' fi^ 

^^\d={2-v)in+l)/n - (I ^ ^''\d={i2-r,){n+l)+2)/n- 2d{d + 2) ^ ' 

There are no such comparable results for dn and furthermore it is evident that do = 0. 
In consequence we assume the simplest expressions for Cn,c'n,dn consistent with this, and 
which interpolate (3.6) for all n, d including n = 0, and take henceforth 

^n = -^k-, ^-=2d(d + 2) = ^^•'^^ 

If (3.4), with (3.7), is inserted in (3.3) then, along with (3.2), we obtain equations for 
the function V, 



dt 



g \ o C v--r A;" ° 



n=0 



2d dipi dip'i 

and also Zjk, 

iwt^'^^^ '^'Wi) ^^^^"^^ 

n=0 ■ ^ ^ , 

+ ^n...i„+l(i(¥') (2i'fc)ii,i2...i„+i(¥') - Zi^i2,k)i3...in+li'P)) ) 



(3.8) 



^ 2d(d + 2) ^ 7^ Vkn...i^+A'P) ■ (3-9) 



35 



For a single component N = 1, this can written in the form 



(3.10) 



2{d + 2) Q^p,2 

Assuming now the relevant solutions of (3.8) satisfy 

y((^) = -^e^'^a^i^^i y((^/w), uj^ = \{d - 2 + r])k , (3.11) 



then (3.8) reduces to 



Moreover for a single component field if 

i((^) = Z(^/a;) , (3.13) 

then (3.10) becomes 

(I + , + + Z(^) = -r, + . (3.14) 



where 



d . A . 2d 



Solutions of (3.12) and (3.10) clearly generate solutions of (3.8) and (3.10) using (3.11) 
(in general (3.11) cannot be inverted but Z are defined by the requirement of satisfying 
(3.12) and (3.14)). It is not clear how to reduce the more general equation (3.9) to a similar 

form as in (3.14) since it is not possible in general to extract a factor e ^'^j^'^j on the right 
hand side of (3.9), as was done in (3.8). 

The procedure adopted here in obtaining a derivative expansion in analogous to that 
used in the scaling field approach but there V, Z are expanded in a basis of monomials in 
if and it is then possible to use the more general form (3.4) for the products of propagators 
appearing in the expansion (3.3). 

3.1 Extension of the Local Potential Approximation 

For a single component field at a fixed point (3.12) becomes 

-dv^{^) +5^v:{^) - v:\^p) = -v:{^f . (3.16) 
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It is furthermore consistent to require 7] = 0{V^) in which case (3.14) may be simplified at 
the fixed point determined by (3.16) by restricting, in a expansion in powers of K, only to 
terms up to 0(Z*K) to the form 

(Ak + 2V:'i<t^))Z4^) = -r, + j^ v:'{vf , (3.17) 

taking also — > 1. Combining (3.17) and (3.16) is a minimal extension of the local po- 
tential approximation to include a non zero anomalous dimension rj which was by discussed 
Osborn and Twigg [31]. The associated eigenvalue equation for critical exponents becomes 

[2ij;ZMi - ^,v:'{<p)^ Ak + 2v:'{^) ) \g{<t>)) \g{ct>)) ' ^^-'"^ 

which is easy to analyse numerically [31] since it can be reduced to solving (A14 —d)f = Xf 
and {Av,+2Vj')g = Xg. 

The virtue of (3.16) and (3.17) is that the eigenvalue problem (3.18) has exact eigenfunc- 
tions and eigenvalues which match those of the RG equations as discussed in subsections 
2.4 and 2.5. Corresponding to (2.91a), (2.91b) in (3.18) 

2 2 
/^(<^) = ¥' - ^* ' 9M = -Jzr^^*^'P)^ = -i(d + 2-?7), 

fr{^) = V:{^), gr{ip) = Zj{ip), A, = -i(d-2 + r?). (3.19) 

Corresponding to the zero mode 

fz{'p) = 0, 52(<^) = 1--^K». (3.20) 

z rj 

As a consequence of this zero mode solution there exist non trivial solutions of the 
homogeneous equation (3.17) so that Ay^ + 2V^' is not invcrtiblc. The existence of a 
solution for imposes an eigenvalue condition on 77, since the right side of (3.17) must 
be orthogonal to gz{v) with respect to a suitable scalar product, constructed in [31], for 
which Av^ is hermitian. For r] so determined there is then a line of equivalent fixed points 
Z^{(p) ~ Z^{(p) + cgziip) for any c. 

These results may illustrated by an epsilon expansion close to the multi-critical points 
arising when ^2(n+i),n = l,2,... , becomes a marginal operator which occurs, when rj = 0, 

for (n + l)So = doi d = dn = 2{n + l)/n. Using e^^o ( _ ^ + (^^) = Sq ip-^ e^^o 
then approximating (3.16) gives 



1 



d = dn-e, e''o^V,{^)=gneip^^''+'^ +0{e^ip^P,p^n + l), (3.21) 
where, for e > 0, 



n! 



^" = ^^''^°"(,2(2^J • 
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The corresponding solutions for V* ((/?) are expressible in terms of Hermite polynomials using 
the identity 

1 d2 

e ^^{2xY = Hr{x) . (3.23) 
At any fixed order in the e-expansion there is a finite sum of Hj-. 

The condition for (3.17) then to have solutions to leading order becomes 

e43& ( - ^ + v:'{^f) = 0{^''P,p ^ 0) , (3.24) 



giving [3] 

S(?^ ^" ' V(2n + 2)! 

With this result for rj (3.17) has the solution Z^{ip) = c(l — V"{ip)) + 0{e^) for arbitrary c. 



,o(2n + l)! o o n/(n + l)!2\^ „ 
r, = 8{n + if ^ ^ ' gn^ = 4n^ )^ ^, ' e\ (3.25) 



4 Supersymmetric Example 

As a small example of the derivative expansion we consider a three dimensional field theory 
with N = 2 supersymmetry. Applications of RG flow equations to supersymmetric theories 
have been described in [32, 33, 34, 35]. For three dimensional Af = 2 theories there are 
chiral superfields which may have a holomorphic superpotential, like M = 1 Wess Zumino 
theories in four dimensions from which they may be obtained by reduction. Unlike the four 
dimensional theories [34] non trivial IR fixed points in the absence of any gauge fields are 
not excluded. 

As usual with supersymmetry it is convenient to adopt a spinorial notation using the 
result that in three dimensions the gamma matrices may be realised in terms of symmetric 
real 2x2 matrices 

(^a)a/J = (^a)/3a , i^aT^ = e'^'^E^^aaU , (4.1) 

with a,P = l,2 and 

O-a + (Tfe CTa = -2r]ab I , (4.2) 

with rjab the 3-dimcnsional Minkowski metric with signature (—1,1,1) and I the identity 
matrix. Any 3- vector is then equivalent to a symmetric 2x2 matrix using the cr-matrices 
in (4.1), 

^ x,^ = (xV„)«^ , x"^ = e''^e^%s , (4.3) 
so that XX = —x^ I. We also define 

da^ = (a"5„)a/J , d'^^ = e'^^s^'d^s , (4.4) 

so that 

9,/3X^^ = -5aV-'^a¥- (4-5) 
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For M = 2 supcrficlds there are additional anti-commuting Grassmannian coordinates 
Qo-^Qa^ The associated covariant derivatives are D^, Da, where Da9^ = 5a^ and 0^0^ = 5cP , 
satisfy 

{Da,Dp] = -2idap. (4.6) 

Da , Da anti-commute with the generators of super-translations. The full J\f = 2 superspace 
M l with coordinates (x, 6, 6) contains the invariant chiral superspaces M^|2 and M^l^, 
defined in terms the chiral coordinates (x+ , 9) and {x- , 9) , where x^'^ are required to satisfy 

D^xf = 0, D^x^^ = 0. (4.7) 

Chiral superfields are defined on M^l^ and their anti-chiral conjugates on M^'^ so that 

Da(p = ^{x+,9), Da^ = ^{x^,9). (4.8) 

For two points labelled by {x,9,9) and {x',9',9') there is a supertranslation invariant gen- 
eralisation y of the interval x — x' given by 

= - + 2i9^°'{9^^ - 9'^^) - 2i (0(" - 9'^'^)9'^^ . (4.9) 

It is easy to see that this satisfies D^ y"'^ = D'^y"^ = as y is a function on M^l^ x M'^l^. 
For chiral or anti-chiral fields we may extend (2.3) to 



= js.,H,^..em.,e), i.i, = Js.,HiiM.n. ,4.10, 



and the associated functional derivatives are correspondingly defined so that 

^ 0(a;', 9') = 6^x - x') {9 - 9'f , 9'^ = eap9'^9^ , 



S^{x, 9) 

-j^^-^cpy^x ,o ) = 0'\X - X )\p -V )- , O- = Ea0 

d(p[x,9) 



x',9') = S^{x-x'){9-9'f, P = ea09^9l^, (4.11) 



where [9 — 9')'^ , {9 — 9')'^ play the role of Grassmannian delta functions, the integrations 
over 9, 9 being normalised so that j d^9 9^ = j d^9 9^ = 1. In order to write RG equations 
analogous to those for simple scalar fields we define bilinear expressions involving a chiral 
field (f) and an anti-chiral field 4>-, extending (2.7), by 

(l).G-^ = Jd^x+d^9 d^x'-d'^9' <p{x+,9)G{y)^{x'-,9') , (4.12) 

for y defined by (4.9). Using, with this definition, 

G{y) = ^ &D''^ {G{x - x'){9 - 9'f {9 - 9'f) . (4.13) 

the expression (4.12) may be elevated from integrals over M^l^ and M'^'^ to integrals over 
the full superspace M^l^ and M'^l^ by letting 

d^x+d^9{-\D'^)^d^xd^9d^9, dV_d¥'(-iL''2) ^dVdVd¥', (4.14) 
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and hence 

^.G-4) = je?xd^ed^ A^x' d^e' d?e' <^(x+ , e) g{x -x'){e-e'f{e-e'f , e') . (4.15) 

For the identity /, where I{y) = S^{y), then 

So[(P,(j)] = (j)-I ■(!) = Jd^xd'^9d'^9 (p{x+,e)4){x-,9). (4.16) 

is just the standard free kinetic term. 

As before in (2.9) it is convenient to rescale by using the cut off A to dimensionless 
variables so that 

(j){x,e) = A^ip{xA,eA^^), 4){x,e) = hh(p{xK,eK^. (4.17) 

Just as for scalar field theories RG flow equations analogous to (2.24) may be written 
in a similar form for >St[(^, 0\ where 



3 S S S 

^ ' ^ ' ~ Jif)'^' 5^'^*^'^'^^ - r]ip ■ g~'^ ■ (p , (4.18) 

for, arising from the rescaling in (4.17), 

D^^^^{x,e) = {x-da, + ^9'^da + d)if{x,9), 

D^^^{x, 9) = (.r • 9x- + ^ 9^da + 5)^{x, 9) , (4.19) 
with da = 9/9^°, da = 8/39''. In this case 

S = \ + h, (4.20) 
with 77 the anomalous dimension. Prom the definition (4.9) 

D^^^F{y) + F{y)t^^^ = {v ■ dy + 25)F{y) . (4.21) 

In this case there are no V terms as the superspace volume vanishes. In (4.18) we have 

introduced rj representing a one parameter arbitrariness in the choice of RG flow equations. 
As in the earlier discussion this is expected to be constrained for Stlp^'p] to have a well 
defined limit, realising a non trivial IR fixed point, as t — )■ 00. We also require that G,Q~^ 
satisfy the corresponding equation to (2.23) which, as a consequence of (4.21), leads to the 
same relation as in (2.26) for (5o = 5, d = 3. 

The previous discussion of a derivative expansion can be easily adapted to the present 
case. Instead of (2.241) we require 
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which gives now 



Sep dip 



(4.23) 



with Q{y) satisfying (2.26) as before. Following (2.249) so that St[(p,ip] = e^St[(p,ip] then 
(2.250) becomes in this case 



exp 



(4.24) 



For a derivative expansion we may then write 



(4.25) 



where only the superpotential terms W, W involve just integrals over the chiral superspaces 
S± and in the second line ip{x^,9), if{x^,d). In general K{ip, if) is a Kahler potential such 
that 

K{^, Cp) ~ k{^, ^) + f{^) + m . (4.26) 

The separation in (4.25) between local superpotential terms involving integrals over M"^l^, 
M^l^ and the remainder which contains only full superspace integrations is valid beyond 
any derivative expansion and is at the root of the non renormalisation theorems for super- 
symmetric quantum field theories. 

Inserting (4.25) on the left hand side of (4.24) we may use 

= Jd^x d^e - 2W{ip) + 6 (p-^W{ip)^ + jd^x dH - 2W{(p) + 5 ^^W{^)) 



+ Id^xd^Od^e 



K{<p, <p) + 6( ip— + ) K{ip, if) 



+ 5D''ip[ L{ip,(p) + (^ip— + ip—^L{ip,ip) 

d _ d 



5 D^(p(i{ip,(p) + (^^— + ^^L{<p,f>)^ + ... 



(4.27) 



On the right hand side of (4.24) we may expand the exponential. As a result of (4.13), and 
similarly for g{y), all integrations are over the full superspace S. Consequently there are 
no contributions involving integrals just over M^'^, M"^'^ which would correspond to terms 
in the RG flow of the superpotentials. Hence we have, without approximation, the linear 
equations 



(4.28) 
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The solution for any t, and r/, is simple 

Wtiip) = e^* Wo (e-^ V) , Wt{<p) = e^* Wo (e"^ V) • (4-29) 

As discussed earlier rj is constrained by the requirement of a limit as t — )■ oo. W{ip) and 
Ty ((^) arc required to be holomorphic functions for any finite (p, (p so the possible limits can 
only be of the form 

Wt{cp) ^ W,{<p) = g.if'' , Wt{<p) ^ W,{cp) = 5*^" , n = 2, 3, . . . . (4.30) 
This requires 

V = --l, (4.31) 
n 

and also, to achieve the limit for any particular n, that the initial Wo{ip) and Woi'f) are 
constrained to contain no terms 0((/9^, ip^) with p < n. Any terms with p > n are irrelevant 
and vanish in the limit (4.30). For unitary theories r/ > 0, or n < 4, with r/ = 0, when 
n = 4, corresponding to a free massless theory. The n = 2 case is also a massive free theory. 
However in three dimensions, unlike the four dimensional case, there is the possibility of a 
non trivial IR fixed point when n = 3 and ?7 = |. Given that r] is not then close to zero this 
fixed point is clearly non perturbative. 

Higher order equations in the derivative approximation may be obtained in the same 
fashion as for simple scalar field theories. Using just 

Giy)giyr-^k^SHy) = ^k^^,D^D'^{5\x-x'){e-9')\e-e'f) (4.32) 

we may obtain from (4.24) and (4.27), using (4.25) with (4.14), 



= - + ^ E ^ ^»-(^) . (4.33) 
up to contributions reflecting the freedom in (4.26). Defining 

K{(f, (p) = uj^ e ^v^v K {ip / uj , (p/oj) , up' = {1 + ri)k 

W{(p) = Au^ W{(p/u) , W{(p) = AuP W{ip/u) , A2 = , (4.34) 

then (4.33) becomes 

^ - 1 + a) K{ip, ^) = -riip<p + W'iip) W'{^) , (4.35) 
for 
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To eliminate the freedom in (4.26) we may define 
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K{ip,ip) 



(4.37) 



dip d(p 



and then (4.35) becomes 



(4.38) 



In contrast to scalar theories, A in (4.35) and (4.36) is just a straightforward derivative 
operator. 

5 Discussion 

The notion of the Wilsonian effective action plays a crucial role in the conceptual under- 
standing of quantum field theories. Expressed in terms of local fields describing the relevant 
degrees of freedom it may be used to calculate physical amplitudes at energy scales e for 
e < A for A an energy cut off which is implicit in the effective action. The Wilson effective 
action is required to be quasi-local in the sense that expanding in terms of monomials in the 
fields there should be no singularities in the coefficient functions for momenta less than A. 
For application to a description of low energies e the action may then be identified in terms 
of an expansion in terms of a basis of local operators, formed the fields and derivatives, 
consistent with the assumed symmetries of the theory, so long as there are no anomalies, 
with the expansion essentially a series in powers of e/A. 

Nevertheless a precise construction of the Wilsonian effective action is in general more 
elusive. For the restricted world of scalar field theories the Wilson/Polchinski exact RG 
equations offer a prescription for the effective action for an arbitrary continuously variable 
RG scale A in a form which lends itself to analytic treatment. It is also possible to formulate 
various approximation schemes although in general these lack systematic control. Many of 
these features can be extended to theories with fermion fields but gauge theories present 
major problems. A cut off restricted to the quadratic part of the initial action does not 
respect gauge invariance. Although various attempts have been made to extend exact RG 
equations to gauge theories they lack the essential simplicity of the scalar field equations 
and are also unable to demonstrate the presence of IR fixed points which are know to exist 
in very many quantum field theories in three and four dimensions. Moreover such RG 
equations do not manifestly describe the flow of a Wilsonian effective action without any 
long distance singularities. 

At any IR fixed point with scale invariance there is expected to be also conformal symme- 
try. For conformal field theories the additional symmetry constrains the correlation function 
such that two and three point functions of conformal primary fields arc fully determined 
up to an overall constant. It is natural to consider how conformal symmetry is realised 
in an exact RG framework, if only for scalar field theories. An extension of the Wilson 
exact RG equation to include conformal transformations was considered long ago [36]. In 
terms of the fixed point action 5* it is possible to define functional generators which satisfy 
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the algebra of the conformal group [37]. For any conformal field theory there is a natural 
scalar product defined by the two point function as a consequence of the state/operator 
correspondence. A precise definition of a scalar product such that the generator of scale 
transformations A^^ is a hcrmitian operator would enable significant additional results 
for critical exponents to be obtained. 
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A Redundant Operators and RG Flow 



The results obtained in the text derive from the particular Polchinski RG equation. We 
show here how some results are also valid for more general RG equations in which *t in 
(2.11) is allowed to be essentially arbitrary. 

For any RG equation there are redundant operators which correspond to redefinitions 
of the basic fields. Wc extend here the previous discussion to show that under RG flow 
these form a closed subspace. The flow equations are therefore applied to actions {^'[lys]} 
depending on a field and containing a cut off, which are invariant under the appropriate 
symmetry group and which are at most smooth deformations of local actions formed by 
integrals over an invariant action density C, constructed from a sum of monomials in the 
fields and derivatives at the same point. Such actions form a manifold M which is in 
general infinite dimensional. Coordinates on may be identified with the couplings 
The basic flow equation, defining trajectory St\^\ G Al, has the form 

-S, = -D^.-S, + ^,.-S,--.^„ (A.1) 

where we assume (p G V^, the vector space formed by local fields, with a dual V"^* and • then 
denotes the associated product on x — >■ V = TAis, the tangent space to M. at S. 
With D -.Vip ^Vtp we require 

(p-ip = ip-(p, (p ■ Dip = ip^ ■ (p = ip ■ Dip , ip e Vtp, (p e Vi^ . (A.2) 
Also in (A.l) G is here arbitrary except that we assume it has the functional form 

5 



(A.3) 



S(p 

so that *t = '^{St, ^). In (A.l) Stlip] is arbitrary up to the addition of terms that do not 
depend on (p. This freedom may be used to absorb any (^-independent terms that may arise 
in any rearrangements of (A.l) giving alternative forms. 

At a fixed point of the flow equation (A.l) 

Dip ■ —S^ - ■ —S^ + . ^r^ = , (A.4) 
d(p d(p d(p 

with = *(S'*, ^). In the neighbourhood of the fixed point we may write 

S = S, + eO, (A.5) 

for O G V* = TA4s, the space of operators for the critical point theory. The variation (A.5) 
induces a change in ^ of the form 

r 

^'(5,— ) =** + ePO, (A.6) 

defining the linear operator P : V* — >■ F^. Hence the operator As^ : V* — )■ V* given by 

As^=D^~-^,~-^S,-V + ^-V. (A.7) 
d(p d(p dip dip 
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determines the critical exponents through the eigenvalue equation 

As^O = XO, (A.8) 
as in (2.82) but for the more general A^^ given by (A. 7). Note that from (A. 4) 

As^^S, = -D^S,. (A.9) 
dip dip 

Redundant operators {O^} here have the form 

o^ = ^--^s,--^-4^, (A.IO) 

for some tp € V and defining a subspace Vr C V*. In (A.IO) the additional term present in 
(2.95) is omitted due to (2.20). The aim here is to show, as is necessary for such operators 
to form a closed space under RG flow, that As, -Vr^Vr or 

As,0^ = 0^, ^ = As^ij, (A.ll) 

for some linear operator As,. To demonstrate (A.ll) we first note that 

As,0^ = [d^- — -^.- — - Ovo^ . (A.12) 

It is then sufficient to show, using (A. 4), 

V dip QtfJ dip 

and also 

(i^,..f-^..A)^.^ = ^.((z,^.^_^,.^V_,,^) + M*,.^).^, (A.14) 
V oif dip J dip dip \\ dip dip J J \0(p dip/ 

Since 

we then have in (A.ll) 

i,= (^Dip ■ — - ■ + iP ■ -VO^ - Di; . (A.16) 

determining A^^ in (A.ll). 

For the particular case of Wilson/Polchinski equations it is sufficient to require 
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which leads to equations of the form (2.18). With this choice (A. 16) then ensures that in 
(A.ll) 

As^=As^-D. (A.18) 

For a zero mode corresponding to a redundant marginal operator we must have 

As^Z = 0, Z = 0^^, As^^z = 0. (A.19) 

For the equations obtained by requiring (A. 17) and (A.18), it is easy to construct such a 
tpz- Assuming 

'ilJz = V + n- — S,, (A.20) 

0(p 

then using (A. 9) 

As^^z = -{G + DV) ■ — S^-n-D—S^, (A.21) 
and therefore (A.19) is satisfied if 

Dn + nD = -G. (A.22) 

In solving (A.22) for H it is necessary to impose the boundary conditions so that il^z 
depends essentially locally on (p. In the context of the earlier discussion in 2.4 D takes 
the form Dip = D^v? + G ■ G'^ ■ if, for 6 as in (2.34), and then (A.22) becomes explicitly 
{p-d + 2- Ap^K'{p^)lK{p'^) - rj)n{p) = 2K'{p^), which has a solution identical with that 
in (2.120). 

A crucial issue in the discussion of exact RG equations such as (A.l) is the extent to 
which ^ is restricted while maintaining an equation for the RG flow equation which allows 
non trivial IR fixed points to be realised as t — > cx), even assuming (A. 3). The trivial choice 
^' = cannot lead to any non trivial fixed points, unlike the non linear equations obtained 
by taking (A. 17). 

In order to clarify such issues we consider infinitesimal variations in the functional form 
for * in (A.3), 5^{S, ^), leading to 

S^^S^ + 5S^ ^ ^ + V5S^ + (5^, , (A.23) 

with 5^^, = 5^{S^,, j^). The variation of the fixed point equation (A.4) then gives 

As,5S^-5-^^- —S^ + — -5^^ = Q, or AsJS^ = 05^^. (A.24) 
dip Oif 

Special cases of (A.24) are given by (2.105) and (2.106). As a consequence of (A.ll), (A.24) 
requires 

5S^ =0^, As,^ = 6^^ . (A.25) 

We here verify how perturbations such as (A.23), with SS* a redundant operator given 
by (A.25), lead to equivalent results, as far as the eigenvalues determined by (A.8) are 
concerned, for apparently arbitrary choices for 6"^. To show invariance of the spectrum 
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corresponding to non redundant operators O in (2.103) it is sufficient to demonstrate that 
the operator O can be modified to O + 50 such that 

A5. 60 + 6 As, = XSO + 0^, (A.26) 

for some suitable % and where from (A.23) 

6 As, = - {VSS^ + 5^,) ■ ^ - • ^ - -^S^ ■6V + -^-6V. (A.27) 

The precise form for SV, which is determined by extending (A.5) and (A. 6), is subsequently 
irrelevant. The result (A.26) ensures that, to linear order, the perturbed eigenvalue equation 
is of the form (2.103) for the same eigenvalue A as in the unperturbed case. 

To achieve compatibility with (A.26) it is sufficient to take 

SO = iP-—0, (A.28) 
dip 

where ip is determined by (A.25). In general, using (A.7) for A5^, 

As, 50=(D^-j--^,- j-) 50 - Ov5o , (A.29) 
and the basic eigenvalue equation (A. 8) with (A. 16) ensures that 

+ {As,^ + VO^).l-0. (A.30) 

Furthermore from (A.27) 

6 As, = - {VO^ + 5^.) ■ -^O - (^j-O^yvO - Osvo ■ (A.31) 
Hence combining (A.29), (A.30) and (A.31), and using (A.25), 
As,50 + 5As,0 -\50 = -Osvo- Ovso 

This may be simplified by virtue of 

(a-^*-^) - a-(^- A-^*-:r^) ■T^o = i-—s.- — -^, (A.33) 

d(p\\oip dip J J d(p\ dip dip J dip dip 

where 

£^ = ^ VO-VO-—i>. (A.34) 

dip dip 

This then ensures that (A.26) is satisfied if we take 

X = ^-5VO-V50. (A.35) 
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If arbitrary variations 5'^ were allowed then it would be possible to continuously trans- 
form to zero, contradicting the expected triviality of the RG equations for ^ = 0. 
However there are potential obstructions to unconstrained variations (5** at non trivial 
fixed points due to the presence of zero modes satisfying (A. 19). To show this we assume 
there is a scalar product with respect to which is hermitian so that 

{0',As^O) = {As^O',0). (A.36) 

Prom this it follows that the critical exponents defined (A.8) must be real. As a direct 
consequence of (A.36), (A. 24) also requires that must satisfy 

{Z,Os^^) = 0. (A.37) 

This requires that S'^^, is restricted to a surface of codimcnsion one in the space of all 
possible variations. Such a condition should ensure that the anomalous dimension r], which 
was initially introduced in terms of a contribution to cannot be varied at the critical 
point when ^' ^ ^I'*. This quantisation of rj is then directly associated with the presence 
of the zero mode Z. 



B Perturbative Considerations 

Any exact RG equation should of course generate the usual perturbative results in a weak 
coupling expansion. This requires that at a fixed point, if this is accessible pcrtiirbativcly as 
in the e-expansion, the critical exponents found by using an exact RG equation should match 
those found in an e-expansion. Of course with approximations this may no longer hold but 
may perhaps be used as a form of boundary condition to constrain any free parameters 
which appear for example in a derivative expansion. That lowest order perturbative results 
can be matched with those obtained in a derivative expansion is demonstrated in this section 
although extending this beyond lowest order is more problematic. 

For scalar theories we consider therefore the simple Lagrangian 

/:v = ld^'cf)-d^cP + V{(P). (B.l) 

Formally for dimensions = 2{n+l) /n, n = 1, 2, . . . , this has a renormalisable perturbative 
expansion if V{(f>) is a polynomial of degree 2(n + 1) which may then be expressed in terms 
of a finite linear sum '^j Oi((p) over all linearly independent monomials Oj{(l)), with 
coefficients the couplings parameterising the renormalisable theory. Renormalisability 
ensures that the /3-functions determining the perturbative RG flow are also expressible in 
terms of a similar expansion /3v(</') = ((7)0/ (</>). Using dimensional regularisation 

and including the canonical dimension then the RG flow becomes 

±Vi<t^) = -Bv{<l>), (B.2) 

where 

Bv{^) = (r^0) • d V{<P) - d V{^) + Pv{<P) , = Ud- 2)<^y + l<p,ij (B.3) 
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In (B.3) the contribution to the /3- functions involving the anomalous dimension matrix, 
70^ij, for (p, has been isolated, the usual /3-function is then Pvi^P) = Pvi^t') + i'lcp'P) ' dV{(p). 
Using dimensional regularisation by letting d = dn — s, and assuming minimal subtraction 
of poles in e, I5v{4>) docs not depend on d explicitly and in each order of a loop expansion 
(3v{4') is a scalar polynomial formed from contractions of V^^ij— ifc(^) — ■ ■ ■ ^^ik^i^) with 
k > 2. Fixed points arise when F = if 

BvM=0. (B.4) 



For discussion of the critical exponents which are associated with mixing of scalar non 
derivative and derivative operators the fundamental Lagrangian is extended to 

C = Cv + Lf^g , Cf,g = F{<t>) + \Gi^ {4,)d>'<l)id^,^j , (B.5) 

with Cv as in (B.l) and, as discussed above, V{(t)) a polynomial of degree 2(n + 1). The 
theory defined by (B.5) is renormalisable, in the sense that all counterterms linear in F, Gij, 
may be absorbed into a bare Lagrangian Cq which has the same functional form as (B.5) if, 
in dimensions d^ ^{4') is a polynomial in (j) of degree An — 1 and Gij(4>) also a polynomial 
of degree 2n — 1. For higher degree four derivative terms are also necessary in (B.5). 

In a similar fashion to the definition of the usual /^-functions we may define linear 
operators acting on F, Gij , 



A 



V 



Fi<p) 



^ / (r^0) ■ dF{ct>) - dF{<i>) + jffF{(I>) + lFG,ijGij{cl>) \ 

\{r^4) ■ dGij{(f>) + -i4,,ikGkj{4>) + l4>,jkGik{<t>) + lGF,ijF{(f>) + 7GG,ijkiGki{4) ) ' ^ ' ' 

with defined as in (B.3) and 7_ff, lFG,ij^ lGF,ij-,lFG,ijki are differential operators depend- 
ing on the couplings or V. If F{(f)) is restricted to be a polynomial of degree 2(n + 1), 
then 

~Pv+F{(t>) = Pv{4>) + 1ffF{4>) + 0(f2) . (B.7) 

At a fixed point the exponents are defined by the coupled linear equations 

F{4) \_ J F{<P) 



The action defined by the lagrangian in (B.5) is invariant under 

5Cv = Sf,g^f,g for S(j)i = Vi{(j)) , 5d^(j)i = Vij{<p)d^(l)j , (B.9) 

if 

SF,GF{cl)) = v{4)-dV{cl)), 6F,GGij{cl)) = diVj{4) + djViicI)) . (B.IO) 

Assuming F {(/)), Gij {(j)) are restricted to ensure that no mixing with four derivative operators 
arises then it is necessary to require f «(</)) is a polynomial in (f) of degree 2n. In [31] it was 
shown how this leads to identities for Ay such that 

/ v{cl>) ■ dV{<t>) \ ^ (U{cP) ■ dVi<l>) + v{cP) . dBvicf>)\ . . 
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for 

Ui{(P) = (F^cP) ■ dviicP) + jFFViicP) - r^,ijVj{<P) . (B.12) 

The result (B.ll) ensures that at a critical point, where (B.4) holds, there are solutions 
of (B.8) if 

U,{^) = -Xv,i4>). (B.13) 

In particular since 'Jff involves at least second order derivatives with respect to (p there are 
exact zero modes, with A = 0, obtained by taking cpi, 

Fo{4>) = (P-d V{4>) , Go,ij = 2 5ij . (B.14) 

In perturbative calculations (B.ll) is equivalent to 

lFF{v{<p)-dV{4>))+^FG,ij{diVj{(l)) + djv{4>)) = {^FFv{cl)))-dV{ci>) + v{ct>)-d~^v{(p), (B.15) 
and 

lGF,ij{v{4') -dVict))) +^GG,ijki{dkVi{(t>) +diVk{(l))) 

= di [^FFVj{4>) - 2 -l4>,jkVki<i>)) + dj {lFFVi{4>) - 2 -ici,,ikVk{4>)) ■ (B.16) 

For d = dn there are logarithmic divergencies at pn loops for p = 1,2,... which give 
rise to contributions to the /3-functions. At lowest order for the /3-function associated with 
V 

^{r^(</.) = anVi,..,^^MVn...ir,+M , (B.17) 
from which it is easy to see that 

^Un^) = ^anVi,..,„^MFn...i„+M ■ (B.18) 

We also have [18, 31] 

^^FG,ipiM) =-^n ^ ^^r\s\t\ ^""^^ ^h-irki...kt {4>)yh...jski...kt {4>) Gnji,i2...irj2...js (^) 

r,s,t>l 
r+s+t=n+2 

+ On ^ g\f\ ^rstyi^...i^ki...kti'^Wji-jski...kt{(f^) j2,i3-VJi-Js (<^) > 



r>2,s,t>l 
r+s+t=n+2 

(B.19) 

and 

^GG,iiW<^'fc^('^) = 2a„(yii...i„+i((/)) Gij,ii...i„+i((/>) + 2Fij...i„_^^(j((/)) Gj) jj_j2...in+i(</') 

(</>)) , (B.20a) 
lFG,kfiM = ^- (B-20b) 

The precise expressions for a„ and Krst are given in [31] but are unimportant here, it is 
only necessary to note that Krst is symmetric and satisfies 

kut = 1 , s + t = n + l. (B.21) 
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With these resuhs it is straightforward to verify that (B.15) and (B.16) are satisfied since 
7^"^- = at this order. 

At the next order 

r,s,t>l 
r+s+t = 2n+2 

~ '^^n9iii---i2n+i 9jii...i2n+i (B.22) 

where (7j^...j2n+2 ~ ^i---«2n+2('/') is the dimensionless coupHng and 6„ = ((n+l)!)^a„^/(2n+2)!. 
Krst includes the effect of subdivergencies when any r,s,t are equal to ra + 1. 
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